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Essay Questions

Directions: Place the solution to each of the following exercises on
your own paper. You must follow directions explicitly and show all
work to receive full credit. Feel free to use a calculator or Matlab on
this examination. If you are more comfortable with hand calculations,
that is fine, as the exam is not that calculation intensive.

EXERCISE 1. Let V and W be vector spaces over R and T a function
that maps V to W. That is, T : V — W.

(a) Complete the following definition.

T is a linear transformation if and only if . .. I

(b) As an example, define R?*? as the set of all 2 x 2 matrices with
real entries. Define T : R?*2 - R by T(A) = tr(A), where tr(A)
denotes the trace of the matrix A. Prove or disprove: T is a linear
transformation.




EXERCISE 2. Find the “standard matrix” of transformation for each
of the following linear transformations.

(a) T : R? +— R2 by T sends (x,y) to its reflection across the line
y=—z.

(b) T : R? — R? by T sends (z,y) to its projection onto the x-axis.

(c) T : R?  R? by T rotates (z,y) m/4 radians in a counterclockwise
direction.

EXERCISE 3. Let V and W be vector spaces and T : V — W be a
linear transformation.

(a) Complete the following definition.

T is a onto W if and only if ... I

(b) Which of the transformations in Exercise 2 are onto R??




EXERCISE 4. Let V and W be vector spaces and let T : V — W be a
linear transformation.

(a) Complete the following definition.

T is one-to-one if and only if ... I

(b) Define T : R3 +— R3 by

Z1
T((El,fﬂ27fl'3) = 0
T3

Prove or disprove: T is one-to-one.
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EXERCISE 5. Let V and W be vector spaces and let T : V — W be a
linear transformation.

(a) Complete the following definition.

The kernel of T'is ... I

(b) What is the kernel of the transformation in Exercise 4(b)?




EXERCISE 6. Define T : R? — R? by
[Tty
T = (37 50)

(a) Find the “standard matrix” of the transformation T'. Let A rep-

resent this matrix.
1 1
s={(%)-(4)}

(b) Let
be a basis for R2. Find the matrix of the transformation 7' in
terms of the basis B. Let C represent this matrix.

(c) Let B represent the transition matrix, the matrix that will map
B-coordinates to the standard basis coordinates. Express matrix
C' in terms of the matrices A and B and check your result. Show
the work for your check.



Solutions to Exercises

Solutions to Exercises

Exercise 1(a) T is a linear transformation iff
1. T(u+v)=T(u)+ T(v) for all u,veV.
2. T(au) = aT'(u) for all aeR, ueV.



Solutions to Exercises

Exercise 1(b) T : R?*2 — R by T(A) =tr(A). Let

A(au a12> and B<b11 b12>
a1 Q22 bar  bao

be arbitrary elements in R2*2.



Solutions to Exercises

. T(A+ B) = tr(A + B)

—tr a1l a2 + b1 bio
ag1 a22 bar  bao

— iy ann +bii a2 + b2
a1 +ba1  aza + bao

= (a1 + b11) + (a2 + b22)

= (a11 + a22) + (b11 + b22)

—o((on ) ()
= tr(A) + tr(B)
=T(A) +T(B)



Solutions to Exercises 10

2. Let aeR
T(aA) = tr(ad)

ail a2
=tr| «
az1 a2
aany aar2
=1tr
aagy aag2

= a1 + aase

= afan + a2)

(o))
=tr(A)
=aT(A)

Therefore, T(A) = tr(A) is a linear transformation. O



Solutions to Exercises 11

Exercise 2(a) T reflects each point across the line y = —z.
Ay
€1
B T'(e1) ~ €1 _
) - x
T(el)
v y=—x
Thus,
T(el) = —eg,



Solutions to Exercises

Hence, the standard matrix of transformation is

= [T(e1) T(e2)],
=

€y — e1]

Il
/‘_\
R~
o |

p—
N———
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Solutions to Exercises

Exercise 2(b) T projects each point onto the x-axis.

Yy
€1
€1
——
T'(e1) T'(er)
Thus,
T(el) = ey,

T(eg) =0.
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Hence the standard matrix of transformation is

= [T(e1) T(e2)],
= [e1 0],



Solutions to Exercises 15

Exercise 2(c) T rotates each point 7/4 radians in counterclockwise
direction.

A
v




Solutions to Exercises

Thus,
T(e1) = (@
T(es) = (2

16

Hence the standard matrix of transformation is

A=[T(e1) T(e2)],

2

(ﬁ
N )
T2



Solutions to Exercises 17

Exercise 3(a) T is onto W iff for each weV there exists a veV such
that T(v) = w. O



Solutions to Exercises 18

Exercise 3(b) The reflection map is onto. For each (z,y)T eR?, there
is a point on the other side of the line y = —s that maps onto (z,y)7 .

The projection map is not onto R2. For example, start with
(1,1)TeR2. Obviously, there is no point in R? that maps onto (1,1)7,
simply because all points are mapped onto the x-axis.

The rotation map is onto. Take any point (z,y)? in R? and rotate
the point 45° in the clockwise direction. This will be the point that
maps onto (z,y)7. O



Solutions to Exercises 19

Exercise 4(a) T is one-to-one if and only if v # vy implies that
T(Vl) 7é T(Vg). [



Solutions to Exercises 20

Exercise 4(b) Consider the vectors

1 1
vi= 1|2 and vg = | —2
3 3
Clearly, vy # va, but
1 1
T(vi)=T12]=(0], and
3 3
1 1
3 3

Thus, vy # va, but T(vy) = T(vs). Therefore, T is not one-to-one.
O
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Exercise 5(a) The kernel of T is the set of all veV such that T'(v) =
0. In symbols,
ker(T) = {veV : T(v) = 0}.



Solutions to Exercises 22

Exercise 5(b) The mapping T : R? — R? by
Ty
R(xl,l'g,xg) = O
T3
projects all points onto the x1z3-plane by “forgetting” that xs-coordinate.

With this geometry in mine, it is easy to see that all points on the
To-axis map to the zero vector.



Solutions to Exercises
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Alternatively, we can find the kernel by solving the equation

T(z1,22,23) =0,

I 0
0]=1{0
T3 0

Hence, 1 = x3 = 0, but x5 is free to be any value. This is precisely
the definition of the xs-axis. O



Solutions to Exercises 25

Exercise 6(a) First, find the image of each “standard basis” vector.
T(e1) = T(1,0) = (‘11>
1

Therefore, the “standard matrix” of the transformation is
A= [T(er) T(ex)]

(—11 ;)



Solutions to Exercises 26

Exercise 6(b) First, find the image of each basis element in

B = {by,bs} = {(_12> : <_11)}
T(by) = Ab; = <_11 ;) (12> = <_§)
T(by) = Aby = (‘11 ;) <_11> = (:?)

Next, find the B-coordinates of each image of each basis element. This
is easily accomplished by reducing.

11 -3 =2y (10 6 3
2 -1 -3 -1 © o1 -9 -5

Thus,



Solutions to Exercises

and the matrix of transformation becomes

C= [[T(bﬂ]s [T(bz)]B}

(5 %),
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Exercise 6(c)

£ = {61,62} E= {81,82}
R? R2
T
X, " »e 7 (x)
B B!
s z 70l
R2 R?

B ={by,bs} B ={by,bs}



Solutions to Exercises
The transition matrix is

p-(1, 1)

It is clear from the commutative diagram that

C =B 'AB.

Checking,
-1

i, (101 11

= L) (1)
(-1 -1\ (-3 -2
—\ 2 1 -3 -1)’
(6 3
~\-9 -5/
=C.
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