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Essay Questions

Directions: Place the solution to each of the following exercises on
your own paper. You must follow directions explicitly and show all
work to receive full credit.

EXERCISE 1. Consider the system
T + x0 4+ 223 = 4,
To + x3 = 6,
221 + 3x3 = 5.

(a) Set up the augmented matrix representing the system.

(b) Using hand calculations only, place the augmented matrix in row-
echelon form (not reduced row echelon form).

(¢) Write the system of equations represented by the augmented ma-
trix (row echelon form) from part (b).

(d) Use back substitution to solve the system from part (c).



EXERCISE 2. The system

r1+29+2x3=06

2x1 —x3 =4

31’1 + X9 = 10
has an augmented matrix having reduced row echelon form
10 -1/2 2
0 1 3/2 4
0 0 0 0

Write the solution to the system.



EXERCISE 3. Matrix A is

1 2 3
0 -1 0
0 0 2

Matrix B has dimensions 3 x 24 (3 rows and 24 columns). Every entry
in matrix B is a 1. That is, if B = (b;;), the b;; = 1 for all ¢ and j.
What is the first column of the matrix product AB?

EXERCISE 4. You are given matrices A, B, and C:

1 1 1 01 0 10 1
A=10 -1 1|, B=[1 0 1|, and C=(0 1 0
2 2 0 01 0 10 1

(a) Use the appropriate technique to find the inverse of matrix A.
That is, find A~1.

(b) Solve the equation
AX+B=C,

where X is a 3 x 3 matrix of unknown entries.
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EXERCISE 5. Let A and B be n X n nonsingular matrices. Prove that
AB is nonsingular and

(AB)™' =B~1A7%

EXERCISE 6. Consider the matrix

1 -1 1
A=(0 2 3
2 -1 4

(a) Write A as a product of a lower triangular matrix L (with ones
on the main diagonal) and an upper triangular matrix U.

(b) Check your result from part (a). That is, using hand calculations
only, verify that A = LU.



Solutions to Exercises

Solutions to Exercises

Exercise 1(a)

N O =
O = =

W = DN

T O =~



Solutions to Exercises

Exercise 1(b) Multiply row 1 by —2 and add to row 3.

1 1 2 4
0 1 1 6
0 -2 -1 =3

Multiply row 2 by 2 and add to row 3.

o O =
O = =

2
1
1

O O



Solutions to Exercises

Exercise 1(c)
x1+x2+2x3=4 (1)
xot+x3=06 (2)
T3 = 9 (3)



Solutions to Exercises

Exercise 1(d) Sub 23 =9 in (2)
o +9=6
To = —3
Sub z3 =9 and x2 = —3 in (1).
z1+ (—3)+2(9) =4
r1—3+18=4
1 +15=4
r1 = —11



Solutions to Exercises 10

Exercise 2. First, write the equations represented by the reduced
row echelon form of the augmented matrix.

1
.731—5263:2

3
To =+ 5.13 =4
Identify the pivot variables and free variables: x; and x5 are pivot

variables, 3 is a free variable. Solve each equation for its pivot vari-
able.

1
$1:2+55E3

SU2:4—§.’E3

Let the free variable be represented by a variable of choice and sub-
stitute their choice in the remaining equations. Thus, the solution



Solutions to Exercises

1
$1—2+§a,

3
x2:4—§a,
T3 = Q,

where « is any real number.

11

Exercise 2



Solutions to Exercises 12

Exercise 3. Let by, bs, ..., bos represent the columns of matrix B.

Then
AB = A[by by ... bay]

= [Ab; Aby ... Aby]
Therefore, the first column of the product AB is Aby, where

1
b;=11
1



Solutions to Exercises 13

Thus,
1 2 3 1
Ab;=|0 -1 0 1],
0 0 2 1
1 2 3
=1({0)+1|-1]4+110],
0 0 2
1 2 3
=({0]+1-1]1+10},
0 0 2
6
=1-1
2

Exercise 3



Solutions to Exercises 14

Exercise 4(a) Form the augmented matrix

1 1 1100
[AIl=|0 -1 1 0 1 0
2 2 00 0 1

Use elementary row operations to transform [A I] into the form [ A71].
Multiply row 1 by —2 and add to row 3.

1 1 1 1 0
0 -1 1 0 1 0
0 0 -2 -2 0 1

Multiply row 2 by —1.

1 1 1 1 0 0
01 -1 0 =120
00 -2 -2 0 1



Solutions to Exercises 15

Multiply row 3 by —1/2.
1 1 1 1 0 0
01 -1 0 -1 0
00 1 1 0 -1/2

Multiply row 3 by 1 and add to row 2. Multiply row 3 by —1 and add
to row 1.

110 0 O 1/2
0101 -1 —-1/2
0011 0 -1/2
Multiply row 2 by —1 and add to row 1
100 -1 1 1
010 1 -1 -1/2
00 1 1 0 -1/2
Thus,
-1 1 1
At =11 -1 -1/2



Solutions to Exercises

16



Solutions to Exercises

Exercise 4(b) Subtract B from both sides of the equation.

AX=C-B
Multiply on the left by A~!.
AN AX)=A"YC - B)
(A7*A)X = A71(C - B)
IX=A"'C-DB)
X =A"YC-DB)



Solutions to Exercises 18

Substitute A~!, C, and B and perform the matrix operations.

-1 1 1 101 010
X=|1 -1 -1/2 01 0f|-[101
1 0 -1/2 101 01 0
-1 1 1 1 -1 1
X=|1 -1 —12|[-1 1 -1
1 0 -1/2) \1 -1 1
-1 1 -1
X=[3/2 -3/2 3/2

12 —-1/2 1/2



Solutions to Exercises 19

Exercise 5. We need to show that B~1A~! is both a left inverse and
a right inverse of AB. Note that B~*A~! exists because A and B are
nonsingular (invertible).

First, show that B~'A~! is a left inverse of AB.

(BT'A Y)Y (AB)=B '(A™'A)B
=B 'IB
=B"'B
=17

Next, show that Bt A~! is a right inverse of AB.

(AB)(B~*A YY) = A(BB~HA™!
= ArA™!
=AA7!
=1
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Therefore, AB is nonsingular and its inverse is given by
(AB)"'=B7'A"L.

Exercise 5



Solutions to Exercises 21

Exercise 6(a)

Use only the third elementary row operation to place A in upper
triangular form, recording multipliers in L along the way.

Thus, multiply row 1 by —2 and add to row 3.

1 -1 1 100
EiA=10 2 3| andL=(0 1 0
0o 1 2 2 01
Multiply row 2 by —1/2 and add to row 3.
1 -1 1 1 0 0
EsEiA=(0 2 3 |=UandL=(0 1 0
0 0 1/2 2 1/2 1



Solutions to Exercises

Exercise 6(b)

O~ NO -

=~ W =

22
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