
#)?@4ðU@* 5)t|i4tQwL?} Aih4 îiü@ñðLh

#@ñð_ úh?L*_

6@**c �bb.

úMt|h@U|

Aüi U*Lti_ uLh4 tL*ý|ðL? Lu _ðgihi?Ui i^ý@|ðL?t ðt ýti_ |L Thi_ðU| |üi
*L?}í|ih4 Miü@ñðLh Lu _)?@4ðU@* t)t|i4të Aüi hL*i Lu |üi R_L4ð?@?|â
ið}i?ñ@*ýi ðt ð?|hL_ýUi_ë

èhihi^ýðtð|itë ,ð}i?ñ@*ýit @?_ ið}i?ñiU|Lhtë vLý tüLý*_ �ht| UL4í
T*i|i |üi @U|ðñð|) R#ðgihi?Ui ,^ý@|ðL?tQç*Lti_ 6Lh4 5L*ý|ðL?tâ MiuLhi
@||i4T|ð?} |üðt @U|ðñð|)ë

+i^ýðhi_ �í�*itë #Lê?*L@_ @ ULT) Lu ze>ê0ì2ë

� wL?} Aih4 îiü@ñðLh Lu |üi 5i^ýi?Ui bq

Zh qhhg wr wkrurxjko| lqyhvwljdwh wkh ehkdylru ri wkh vhtxhqfh ri qxpehuv
jhqhudwhg e| wkh h{suhvvlrq èq1 Zh zloo qhhg wr frqvlghu vhyhudo fdvhv1

�ë� `üi? b Wt @ +i@* ûý4Mih

Ohw*v shuirup vhyhudo h{shulphqwv zkhuh è lv d uhdo qxpehu1 Iru h{dpsoh/ zkdw
lv wkh olplwlqj ydoxh ri +3=8,q dv q$ .4B Wkh iroorzlqj Pdwode frgh jhqhudwhv
wkh ñuvw 48 whupv ri wkh vhtxhqfh +3=8,q1

AA q@+4=48,*>

AA +318,1aq

dqv @

318333

315833

314583

313958

313645

313489

3133:;

31336<

313353
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313343

313338

313335

313334

313334

313333

Wklv uhvxow zrxog vhhp wr lqglfdwh wkdw olpq$.4+3=8,q @ 31 Lq d vlplodu
pdqqhu/ |rx fdq lqyhvwljdwh wkh olplwlqj ehkdylru ri wkh vhtxhqfh jhqhudwhg
e| +ý3=:8,q1
AA q@+4=63,*>

AA +031:8,1aq

dqv @

031:833

318958

031754<

316497

03156:6

314:;3

0314668

314334

0313:84

313896

0313755

31364:

031356;

3134:;

0313467

313433

03133:8

313389

0313375

313365

0313357

31334;

0313346

313343

031333;

313339

0313337

313336

0313335

313335
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Qrwh wkdw wkh vhtxhqfh ghñqhg e| +ý3=:8,q rvfloodwhv ehwzhhq srvlwlyh dqg
qhjdwlyh whupv1 Wkh vhtxhqfh ghñqhg e| +ý3=:8,q frqyhujhv wr }hur/ wkrxjk
wkh frqyhujhqfh lv pxfk vorzhu wkdq wkh frqyhujhqfh ri wkh vhtxhqfh ghñqhg e|
+3=8,q

Frqmhfwxuh 4 Li è lv dq| uhdo qxpehu vxfk wkdw mèm ? 4/ wkhq olpq$.4 èq @ 31

H{shulphqw1 Xvlqj wkh Pdwode whfkqltxh ghprqvwudwhg deryh/ vkrz wkdw
hdfk ri wkh iroorzlqj vhtxhqfhv frqyhujh wr }hur dv q$ .41
î +3=58,q

î +ý=;,q

î +=<<,q

Frqmhfwxuh 5 Li è lv dq| uhdo qxpehu vxfk wkdw mèm A 4/ wkhq wkh whupv ri wkh
vhtxhqfh jhqhudwhg e| èq ehfrph lqñqlwho| odujh lq pdjqlwxgh1

H{shulphqw1 Xvh Pdwode wr ghprqvwudwh wkdw hdfk ri wkh iroorzlqj vh0
txhqfhv surgxfh whupv ri lqñqlwh pdjqlwxgh dv q$ .41
î +5=6,q

î +ý4=7,q

î +4=38,q

�ë2 `üi? b Wt @ çL4T*i ûý4Mih

Li è @ d. el/ wkhq wkh pdjqlwxgh ri è lv jlyhq e| mèm @ sd5 . e51 Iru h{dpsoh/
li è @ 3=6 . 3=7l/ wkhq wkh pdjqlwxgh ri è lv mèm @ s

3=65 . 3=75 r = 81 Qrwh
lq wklv fdvh wkdw mèm ? 41 Pdwode hdvlo| frpsxwhv wkh pdjqlwxgh ri d frpsoh{
qxpehu1

AA dev+316.317l,

dqv @

318333

Dqg wkh iroorzlqj Pdwode frgh jhqhudwhv wkh ñuvw 48 whupv ri wkh vhtxhqfh
ghñqhg e| +3=6 . 3=7l,q1

AA q@+4=48,*>

AA +316.317l,1aq

dqv @

316333. 317333l
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0313:33. 315733l

03144:3. 313773l

031385:0 313669l

03133570 313645l

31344;0 313436l

3133:9. 313349l

313349. 313368l

031333<. 31334:l

0313343. 313334l

03133360 313336l

3133330 313335l

3133340 313334l

313334. 313333l

313333. 313333l

Qrwh wkdw wkh whupv ri wkh vhtxhqfh jhqhudwhg e| +3=6.3=7l,q frqyhujh wr 3.3l
+}hur,1

Frqmhfwxuh 6 Li mèm ? 4/ wkhq wkh vhtxhqfh ghñqhg e| èq frqyhujhv wr }hur1
H{shulphqw1 Xvh Pdwode wr +d, vkrz wkdw wkh pdjqlwxgh ri è lv ohvv wkdq

rqh/ wkhq +e, vkrz wkdw wkh vhtxhqfh jhqhudwhg e| èq frqyhujhv wr }hur1

î +3=58 . 3=78l,q

î +ý3=8ý 3=5l,q

Frqmhfwxuh 7 Li mèm A 4/ wkhq wkh whupv ri wkh vhtxhqfh jhqhudwhg e| èq ehfrph
lqñqlwho| odujh lq pdjqlwxgh1

Iru h{dpsoh/ li è @ 3=; . 4=5l/ wkhq mèm @ s3=;5 . 4=55 r 4= 7755/ zklfk lv
odujhu wkdq rqh1

AA dev+31;.415l,

dqv @

417755

Wkh iroorzlqj frgh zloo jhqhudwh wkh ñuvw 48 whupv ri wkh vhtxhqfh +3=;.4=5l,q1

AA q@+3>48,*>

AA V@+31;.415l,1aq

V @

413h.335 -

313433
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3133;3. 313453l

03133;3. 3134<5l

03135<7. 31338;l

03136380 31363:l

3134580 313944l

313;670 31366<l

3143:7. 313:5<l

0313349. 314;:5l

031558<. 3147:<l

03168;40 31485:l

03143650 31884<l

318:<;0 318987l

414756. 315767l

31954:. 418987l

0416;45. 41<<;7l

Dqg |rx fdq jhqhudwh wkh pdjqlwxghv ri wkhvh whupv lq wkh iroorzlqj pdqqhu1

AA dev+V,

dqv @

413333

417755

513;33

51<<<;

716597

9156<9

;1<<;<

451<:;7

4;1:4::

591<<84

6;1<65<

89147<;

;31<;37

4491:<49

49;176<6

5751<599

Qrwh wkdw wkh pdjqlwxgh ri wkh whupv ri wkh vhtxhqfh jhqhudwhg e| +3=;.4=5l,q

lv lqfuhdvlqj lq vl}h1 Wkh pdjqlwxgh ri wkh whupv lq wklv vhtxhqfh zloo lqfuhdvh
lqghñqlwho|41
H{shulphqw1 Xvh Pdwode wr +d, vkrz wkdw wkh pdjqlwxgh ri è lv odujhu

wkdq rqh/ dqg +e, vkrz wkdw wkh whupv ri wkh vhtxhqfh jhqhudwhg e| èq ehfrph

�çüiU! |üi ñ@*ð_ð|) Lu |üðt t|@|i4i?| M) }i?ih@|ð?} 4Lhi |ü@? �D |ih4t Lu |üi ti^ýi?Ui(
4@)Mi 2D |ih4të
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lqñqlwh lq pdjqlwxgh1

î +4=58 . 3=;l,q

î +ý4=7ý 3=;l,q

2 #ðgihi?Ui ,^ý@|ðL?tQwL?} Aih4 îiü@ñðLh

Frqvlghu wkh glòhuhqfh htxdwlrq zlwk lqlwldo frqglwlrq ghñqhg e|

{n @

é
4=3 3=5
3=5 4=3

è
{ný4> {3 @

é
4
3

è
+4,

Wkh hljhqydoxhv dqg dvvrfldwhg hljhqyhfwruv ri pdwul{

D @

é
4=3 3=5
3=5 4=3

è
duh

y4 @

é
4
4

è
' è4 @ 4= 5

y5 @

é ý4
4

è
' è5 @ = ;

Dv |rx vdz lq _Glòhuhqfh Htxdwlrqv�Forvhg Irup Vroxwlrqv/% li wkh lqlwldo
frqglwlrq fdq eh zulwwhq dv d olqhdu frpelqdwlrq ri wkh hljhqyhfwruv/ dv lq {3 @
f4y4 . f5y5/ wkhq wkh forvhg irup vroxwlrq ri htxdwlrq +4, lv jlyhq e|

{n @ f4è
n
4y4 . f5è

n
5y5 +5,

Lq htxdwlrq +5,/ ehfdxvh mè4m A mè5m wkh hljhqydoxh è4 lv fdoohg wkh grplqdqw
hljhqydoxh51
Glylgh erwk vlghv ri htxdwlrq +5, e| wkh nwk srzhu ri wkh grplqdqw hljhq0

ydoxh1

{n
èn4
@
f4è

n
4y4 . f5è

n
5y5

èn4

{n
èn4
@ f4y4 . f5

ë
è5
è4

ên
y5 +6,

Qrz wdnh wkh olplw dv n$ .41

olp
n$.4

{n
èn4
@ olp
n$.4

%
f4y4 . f5

ë
è5
è4

ên
y5

&

olp
n$.4

{n
èn4
@ f4y4 . f5 olp

n$.4

ë
è5
è4

ên
y5 +7,

2Wu L?i ið}i?ñ@*ýi ðt t|hðU|*) *@h}ih ð? 4@}?ð|ý_i |ü@? @** L|üih ið}i?ñ@*ýitc |ü@| ið}i?ñ@*ýi
ðt U@**i_ |üi _L4ð?@?| ið}i?ñ@*ýië
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Krzhyhu/ ehfdxvh mè4m A mè5m |rx nqrz6 wkdw mè5@è4m ? 41 Wkhuhiruh/ olpn$.4+è5@è4,n @
3 dqg

olp
n$.4

{n
èn4
@ f4y4

Wkhuhiruh/ iru odujh ydoxhv ri n/

{n
èn4
r f4y4

{n r f4èn4y4 +8,

Ehfdxvh f4 dqg è
n
4 duh vfdoduv/ htxdwlrq +8, lqglfdwhv wkdw {n lv dssur{lpdwho|

d vfdodu pxowlsoh ri y4 dqg pxvw pryh dssur{lpdwho| sdudooho wr wkh hljhqyhfwru
y4 dv |rx lwhudwh htxdwlrq +4, iruzdug lq wlph1

ô Aüi Ah@éiU|Lh) èhL}h@4

Wkh Pdwode P0ñoh wudm5 fdq hdvlo| gudz vroxwlrqv ri htxdwlrq +4,1 Vwduw wkh
surjudp e| w|slqj wudm5 dw wkh Pdwode surpsw dqg hqwhu wkh pdwul{ lq htxdwlrq
+4, zkhq surpswhg1

AAwudm5

Hqwhu d 5{5 pdwul{ lq irup ^d/e>f/g` 00A ^413 315>315 413`

Wkh surjudp uhvsrqgv e| fuhdwlqj d ñjxuh zlwk dq d{hv1 Srvlwlrq |rxu

prxvh dw dssur{lpdwho| wkh srlqw +4/3,�wkh lqlwldo frqglwlrq lv {3 @

é
4
3

è
�

dqg folfn1 D vroxwlrq wudmhfwru| lv gudzq/ ñuvw iruzdug lq wlph iurp |rxu lqlwldo
prxvh srvlwlrq +lqlwldo frqglwlrq {3,/ wkhq edfnzdug lq wlph1 Qrwh wkdw wklv
vroxwlrq/ vkrzq lq Iljxuh 4/ hyhqwxdoo| pryhv sdudooho wr wkh hljhqyhfwru y4 @é
4
4

è
1

H{shulphqw1 Fuhdwh vhyhudo pruh vroxwlrq wudmhfwrulhv iru htxdwlrq +4, e|
folfnlqj lqlwldo frqglwlrqv {3 lq wkh ñjxuh d{hv zlwk |rxu prxvh1 Qrwh wkdw dv
hdfk ri wkh wudmhfwrulhv pryh iruzdug lq wlph +wkh eoxh sduw ri wkh wudmhfwru|,

wkh| hyhqwxdoo| pryh sdudooho wr y4 @

é
4
4

è
1

e OL4iêLh!

41 Iru hdfk ri wkh iroorzlqj glòhuhqfh htxdwlrqv +g|qdplfdo v|vwhpv, shuirup
hdfk ri wkh iroorzlqj wdvnv=

+d, Xvh sro|/ urrwv/ dqg wkh qxoo frppdqg wr ñqg wkh hljhqydoxhv dqg
hljhqyhfwruv ri wkh jlyhq pdwul{1

ôWu �b�� : �b2�c |üi? �b��*�b�� : �b2�*�b�� Lh � : �b2�*�b��ë AüihiuLhic �b2*b�� ÷ �ë

:



Iljxuh 4= D vroxwlrq wudmhfwru| ri htxdwlrq +4,1

;



+e, Zulwh wkh forvhg irup vroxwlrq ri wkh glòhuhqfh htxdwlrq lq wkh irup
{n @ f4è

n
4y4 . f5è

n
5y51

+f, Glylgh erwk vlghv ri wkh vroxwlrq {n @ f4è
n
4y4 . f5è

n
5y5 e| wkh nwk

srzhu ri wkh grplqdqw hljhqydoxh dqg wdnh wkh olplw dv n $ .41
Xvh |rxu uhvxow wr dssur{lpdwh {n iru odujh ydoxhv ri n dqg suhglfw
wkh hyhqwxdo ehkdylru ri wkh vroxwlrq1

+g, Uxq wkh P0ñoh wudm5 dqg vkrz wkdw wkh vroxwlrq wudmhfwrulhv duh
ehkdylqj dv |rx suhglfwhg lq sduw +f,1

+h, Rewdlq d sulqwrxw iru hdfk sureohp1 Xvh d uxohu dqg d shqflo wr gudz
vwudljkw olqhv rq |rxu sulqwhg sorw uhsuhvhqwlqj wkh hljhqvsdfh ri hdfk
hljhqydoxh1

l1 {n @

é
3=9 3=5
3=3 3=;

è
{ný4> {3 @

é
8
6

è
ll1 {n @

é
4=75 3=49
3=49 4=4;

è
{ný4> {3 @

é
4
7

è

<


