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x1 = Lysin(61)

xp = Lysin(61) + Lasin(6-2)
y1 = —Lj cos(61)

y» = —Lj cos(61) — Lo cos(62)
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Potential Energy: the sum of the potential energy of each

mass

P = migy: + magy»

P = —msgl; cos(61) — mag (L1 cos(61) + Lz cos(62))
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Kinetic Energy in General

We know that
K =1/2mv2

Which brings us to

K =1/2m(x*> + y?).
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Kinetic Energy in the double pendulum system

K =1/2m1(3§ + y7) + 1/2ma(55 + y3).

differentiating:

position:

X1 = L1 sin(01) )'(1 - [—1 COS(Ql)él

x> = L1 sin(01) + Ly sin(Hg) xo = L1 COS(Ql)él + Ly COS(02)0.2
y1 = —L1 cos(61) y1 = Lysin(61)6;

y2=—L COS(91) — Ly COS(02) =1L sin(91)91 + Ly Sin(eg)ég

K =1/2m16212 + 1/2mp[0212 + 0313 + 2011161 L cos(61 — 62)].
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Lagrangian in General

The Lagrangian(L) of a system is defined to be the difference of
the kinetic energy and the potential energy.

L=K—-P.

For the Lagrangian of a system this Euler-Lagrange differential
equation must be true:

d (o) oL
dt \ 90 00
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the Lagrangian of our double pendulum system

K =1/2m6212 +1/2my[0312 + 6313 + 201 L1625 cos(6y — 65)].

P = —(m1 + my)gly cos(01) — maLog cos(62)

In our case the Lagrangian is

L=1/2(my + mp)L20% + 1/2mp L3603 + mypLy L6105 cos(0y + 02)+
(m1 + my)gly cos(61) + malog cos(67).
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Partials of the Lagrangian for 6,

L=1/2(my + mp)L363 +1/2mpL363 + mylL1L2616; cos(f — 02)+
(m1 + m2)gly cos(61) + mpLog cos(62)

Thus:

oL

87 = —ng(ml + mg) sin(91) — m2L1L29192 sin(91 — 02)
1

oL . )
87 = (m1 + mg)L%Q;[ + molqLy605 COS(91 — 02)
1

d (oL ; i
a <69) = (ml + m2)L§91 + moliL565 COS(¢91 — 92)
1

—m2L1 Lzézsin(al — 92)(91 — 92)

Josh Altic Double Pendulum



Substituting into the Euler-Lagrange Equation

(m1 + m2)L%é1 + mleLzéz COS(91 — (92) + m2L1L29§ Sin(¢91 — 92)+
gli(m1 + my)sin(f1) =0

Simplifying and Solving for 6;:

—m2L2é2 COS(91 — (92) — mngé% sin(01 — 02) — (m1 + mg)gsin(el)
(m1+ my)L4

b1 =
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Partials for 6,

Once again the Lagrangian of the system is

L= 1/2(”’11 + mQ)L%é% + 1/2m2L§9§ + mleLgélég COS(91 — 92)+
(m1 4+ my)gly cos(61) + malag cos(62)

L .o
;9 = m2L1L29192 sin(91 — 02) — L2m2g sin(¢92)
2
oL Ny .
— =m» L292 + molq1l50 COS(t91 — 92)
00,
d (0L

— (== = mpl3605 + myLy L0 cos(6; — 6
dt<802> 2 L50> 2L1L261 cos(6; 2)

—mleLgél sin(01 — 92)(01 - 92)



Substituting into the Euler-Lagrange equation for 6,

d (oLy _oL_,
dt \ 96 90
Lgéz + Llél COS(91 — 02) — ng% sin(01 — 92) + gsin(92) =0.

—Llél COS(01 — 92) + Llé% sin(91 — 92) — gsin(&z)

b, = 0
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two dependent differential equations

We now have two equations that both have él and 92 in them.

*mngéz COS(91 — 92) — m2L293 sin(01 — 92) — (m1 + mz)gsin(el)

O =
! (my + my) Ly

—Llél COS(91 — 92) + Llé% sin(91 — 92) — gsin(92)

0, = L,
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creating two second order differential equations

—mngéf sin(01 — 62) cos(01 — 02) + gma sin(02) cos(01 — 62)
—mszég sin(01 — 62) — (m1 + my)g sin(60;)

0, =
! Ll(ml + m2) —molq C052(91 — (92)
myL263 sin(f1 — 62) cos(f1 — 62) + g sin(f1) cos(fy — 62)(my + my)
i + L1602 sin(01 — 62)(my + my) — g sin(62)(my + my)
2 p—

L2(m1 + m2) — mols COS2(91 — (92)

Josh Altic Double Pendulum



converting to a system of first order differential equations

If | define new variables for 01,91,92 and éz | can construct a
system of four first order differential equations that | can then
solve numerically.

This gives me differentiating | get
z21=06 71 =06
z3 =10 Z =0,
z3 = 91 Z3 = él
Zy = 0.2. 24 = 92
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A system of four first order differential equations

Z1 =0,

Z =0

—mngzf sin(zy — zp) cos(z1 — z2) + gmpsin(zy) cos(z1 — z2)

—moloz?sin(zy — z2) — (my + mp)g sin(z1)

%= Li(my + mp) — myly cos?(z — z2)

mszzf sin(zy — zp) cos(z1 — z2) + g sin(z1) cos(z1 — z2)(my + my)
_ +L17Z sin(z1 — z2)(m1 + mo) — g sin(z2)(my + my)
Zp = .

L2(m1 + m2) — mols C052(21 — 22)

Josh Altic Double Pendulum



example of cyclical behavior of the system
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example of cyclical behavior of the system
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example of nearly cyclical behavior of the system
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example of nearly cyclical behavior of the system
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Example of Chaotic behavior of the system
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