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Abstract

In my project I will model the behavior a system consisting of a pendulum hanging from
a point with another pendulum attached to the weight at the end of the first pendulum.
I will also calculate the energy in the system. In short, I will investigate and attempt to
model this system using differential equations.

1. Variables and Parameters

My double pendulum system will consist of two masses connected by weightless bars. The top
bar will have length L; and mass at the end of this bar will have mass m;. The bar attached to
this mass will have length Ly and the mass attached the end of this second bar will have mass
my. I will call the point from which the first pendulum, the pendulum with length L; and mass
my1, pivots point O. I will let the angle that the first bar makes with a vertical line drawn down
from O be represented by #; and I will let the angle that the second bar makes with a vertical
line drawn down from m; be represented by 6, where counter-clockwise angles are positive. If
I set this system in an xy-plane with O being the origin, I can find the position of the masses.
I am also going to let the z-position of m; to be x; and the y-position of m; to be y;. The x
and y position of mo will be z9 and ys. This gives me this list of variables and parameters that
correspond to the labels on figure 1:
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Variables and Parameters

Figure 1: double pendulum



length of the bar of the first pendulum = L

mass at the end of the first pendulum = m;

length of the bar of the second pendulum = Lo

mass at the end of the second pendulum = my

the point O is the origin and is where the first pendulum pivots from
angle made by the bar of the first pendulum and the line of rest = 6
angle made by the bar of the second pendulum and the line of rest = 65
the z-position of m, = 1

the y-position of m; = y;

the z-position of my = x5

the y-position of mo = ¥

I am also going to let K represent the kinetic energy in the system and P represent the
potential or gravitational energy of the system.

2.

Position of Masses

It is very simple to find equations for the z-position and the y-position of the first mass using
trigonometry:

1 = Ll Sin(al)
y1 = —Lq cos(6r)

To find the position of the second mass I simply add to the position of the first mass.

To = a1 + Lo Sin(ag)
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From this we get

29 = Ly sin(6y) + Lo sin(62) e
I do the same thing for the y-position.

Yo = Y1 — L, COS(GQ) Variables and Parameters
Position of Masses
From this T get
Yo =—1ILy COS(@l) — Ly 608(02)' (1) Using a Lagrangian
So T get these formulas for the position of the masses of the pendula: WilsmnEite) [Resmlls . - -
Conclusion
x1 = Ly sin(6) (2) Matlab GUI
y1 = — L4 cos(6y) (3)
T2 = Ll sin(ﬁl) -+ L2 sin(92) (4)
y2 = —L1 cos(01) — Lz cos(62) (5)

Differentiating I get

1 =14 cos(91)91 ( )
:ljl = L1 sin(@l)él (7)
To = L1 cos(el)él + Lo cos(Hg)ég (8)
yg = L1 sin 910.1 + L2 sin(92)6"2. ( )
If we square all of the entries in this list I get
i? = L2 cos?(0,)6? (
12 = L2 sin?(6,)6? (11
@2 = L2 cos®(01)6? + 2L, Ly cos(0y) cos(02)61 604 + L cos?(6,)02 (
92 = L2sin® 0102 + 2L, Ly sin 6, sin 05616, + L2 sin?(65)02. (



3. Energy in the System

I must now look at the energy in my double pendulum. This system has two different forms of
energy: kinetic energy (the energy of motion) and potential or gravitational energy (the energy
available to the system caused by the pull of gravity). The gravitational energy of this system
is the gravitational energy in the first pendulum plus the gravitational energy in the second
pendulum. Thus I get

P =migy1 + magya,

where P is the potential energy of the system. With substitution from equation (3) and equa-
tion (5) I get
P = —(my + mg)gL; cos(01) — maLag cos(62) (14)

I must now calculate the kinetic energy of the system. Like with potential energy the total
kinetic energy is the sum of the kinetic energies of the two pendula.

K= %m(i’g +7%). (15)

This brings me to this formula for the kinetic energy of the system:

1 . . 1 . .
K= §m1($§ +41%) + §m2($§ +93).-

Using equations (10), (11), (12) and (13) I get

1 . :
K= 3 (L3 cos®(01)07 + Lisin®(61)03)+

1 . . .
5me [L? cos®(01)67 4 2L, Lo cos(6;1) cos(02)01 02 + L3 cos? (02)03+

L% SiIl2 919% + 2L1L2 sin 01 sin 029192 + L% Sin2 (92)9%]
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This simplifies to

1 .

K= imlL%G%(COSZ(Ql) + sin(61))+
1 . .
Zme [L202(cos®(61) + sin?(01)) + L262(cos®(62) + sin’(62))+
2L1 L60165(cos(81) cos(6) + sin(8;) sin(6s)].

This simplifies to:
1 g 1 g . . .
K = §m193L§ + §m2[9§L§ + 0313 4 201 L1623 Lo cos(0; — 65)]. (16)

4. Using a Lagrangian

The Lagrangian(L) of a system is the kinetic energy of the system minus the potential energy.
This gives me

L=K-P (17)
Using equations (16) and (14) T get

1 : 1 . g . .
L= —my (91[/1)2 + img[(GlLl)Q —+ (02L2)2 + 201L102L2 COS(01 — 02)]—

2 (18)
[—(m1 + m2)gLy cos(f1) — maLag cos(6s)].
Simplifying I get
1 o L . ..
L= 5(’)7’&1 aF mz)L191 == §m2L202 + molL1L26105 COS(91 = 92)+ (19)

(mq + mao)gLy cos(01) + maoLag cos(6s).
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This Euler-Lagrange differential equation must be true:

d (0L oL
i (%)% .
For 6; T get
oL ay N .
o5 = MLi01 +mzLify +maLyLads cos(6 — 62) (21)
1
% (%) = (ml + mg)Liel aF mleLQég COS(91 = 92)
— mleLgégs'm(Gl — 02)(91 - ég (22)

8L ..
T = —Li1g(my + mg)sin(6;) — moLy L2010 sin(6; — 65). (23)

Substituting equations (21), (22), and (23) into the Euler-Lagragnge (equation (20)) I get

(m1 =+ 7’)’7@)[1%91 + mQLlLQéQ COS(91 = 02) aF mngLgﬂg sin(01 = 02)+
gLy (m1 + m2) sin(@l) =0

Simplifying and solving for 611 get

é _ —mQLQéQ COS(91 — 92) — mQLQég sin(91 — 92) — (m1 =+ ’IRQ)g sin(91) (24)
1 (m1 =+ mg)Ll '

Likewise for 65 I get
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oL B,

% = m2L%9.2 + mngLgél COS(01 = 92) (25) N
2
d [ oL . i} . . .
— | = | = m2L292 = m2L1L291 COS(01 — 92) — m2L1L291 sm(91 — 92)(01 — 92) (26) Variables and Parameters
dt \ 06, Position of Masses
oL - :
— = ’/TL2L1L29192 sin(01 — 02) — Lgmgg sin(ﬁg). (27) Energy in the System
o0
Like with 6; substituting equations (25), (26), and (27) into the Euler-Lagrange (equa- WilsmnEite) [Resmlls . - -
tion (20) I get Conclusion

Matlab GUI
mngéQ + mngLgél COS(Hl — 92) — mleLQél sin(91 — 92)(91 — 92)—
m2L1L29192 sin(91 = 92) + Lamog Sin(eg) = 0.
Dividing through by L, and mgy I get

Lgég -+ Llél COS(91 — 02) — Llef sin(91 — 02) aF gsin(92) =0.
Solving for 0, I get

B —L16; cos(f; — 6s) + Lléf sin(f; — 63) — gsin(fs)

02 T

. (28)

This gives me an equation for 6, that depends on 6y and an equation for 6, that depends
on 01 I can use these two equations to make two more equations that have either él or 92 in
them but not both.

Substituting equation (28) into equation (24) I get

= —L10; cos(0; — 05) + L1602 sin(6; — 65) — gsin(6.
01(m1 +mo)Ly = —maLs 10h e = B) 1L21 (61 = 0a) — gsin(6e)

cos(fy — 03)—

mngég sin(6y — 02) — (mq + ma)gsin(67).



If I move all the terms that contain 6 in them to the left hand side I get

01 [Ll (m1 T m2) - m2L1 c052(01 - 02)] = —mleéf sin(91 — 92) COS(el - 02)+
gms SiH(GQ) COS(91 = 02) = mgLQég sin(01 = 92) = (m1 + mg)g sin(@l).

After solving for 6y, I get

—moL16? sin(f; — 6) cos(0y — 62) + gmy sin(fy) cos(6; — 65)

é _ —mngég sin(91 = 92) = (m1 + mg)g Sin(01) (29)
1= Ll(ml + mg) — mng 0082(01 — 92) '

Likewise I can substitute equation (24) into equation (28) to get

ma Laboy cos(f; — b63) + m2L263 sin(fy — 63) + (m1 + m2)gsin(6;)

0yLy = L
a2 ! (mq + mao)Lq

cos(f; — b))+

L10%sin(0, — 65) — gsin(6s).

Bringing all terms that have , in them to the left hand side and factoring I get

9- |:L2(m1 + mg) — mng COSQ<91 — 02) m2L29% sin(01 — 92) 008(91 — 92) +
2 =

mi + mo my + mo
g sin(01) COS(01 = 92) aF Llﬁf sin(01 = 92) —g Sin(eg).

Then solving for 8, I get

mngég sin(01 = 02) COS(91 = 92) +g sin(01) COS(01 = 92)(m1 P mg)
—I—Lléf sin(f; — 63)(m1 + ma) — gsin(f2)(my + ms)

é =
2 Lg(ml aF mg) — mals COS2(01 = 02)

(30)
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I now have two second order differential equations that I will be able make into four first
order differential equation. Setting up different variables for 61, 65,601,602 I get this system:

zZ1 = 91 (31)
zZ9 = 02 (32)
z3 = 91 (33)
Z4 = 9.2 (34)
Differentiating this list I get
5 =6 (35)
3y =0y (36)
i3 =0, (37)
24 = 0y, (38)
Using equations (35) and (33) I get
?;’1 = Z3. (39)
Using equations (36) and (34) T get
22 = Z4. (40)
Using equations (37) and (29) I get
—mngzZ sin(z1 — 22) cos(z1 — 22) + gmasin(zy) cos(z1 — 22)
. —mgLoz3 sin(z; — 23) — (my + mo)gsin(z1)
zZ3 = (41)

Ll(ml + mg) — malq COSQ(Zl = ZQ)
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Using equations (38) and (30) I get
maLa2] sin(z; — 29) cos(21 — 22) + gsin(21) cos(z1 — 22)(my + M)

+L1zi sin(z1 — 2z2)(m1 + mg) — gsin(zz2)(my + m2)
Lg(ml —+ mg) — molo COSQ(Zl = 2’2)

34 = (42)

5. Numerical Results Using Matlab

Equations (39), (40), (41) and (42) give me a system of four first order differential equations in
four variables. All though these are too complicated for me to solve analytically, I can use the
ode45 solver in Matlab to get some numerical results. First I make my function file by letting
Z = zprime be a column vector with four elements and letting z be a column vector with four
elements. For the sake of convenience I pass the parameters m1l, m2, L1, L2 and g into my
function.This is the Matlab code I used:
function zprime=Pend(t,z,ml,m2,L1,L2,g)
zprime=zeros(4,1);
zprime(1)=z(3);
zprime(2)=z(4);
zprime (3)=(-m2*L1*z(4) "2xsin(z(1)-z(2))*cos(z(1)-z(2)) ...
+g*m2x*sin(z(2))*cos(z(1)-z(2)) -m2xL2*z(4) “2*sin(z(1)-z(2)) ...
- (m1+m2) *gxsin(z(1)))/(L1* (m1+m2) -m2*L1*cos(z(1)-z(2))"2);
zprime (4)=(m2+L2*z(4) "2*sin(z(1)-z(2) ) *cos(z(1)-z(2)) ...
+g*sin(z (1)) *cos(z(1)-z(2))* (m1+m2) +L1*z(4) "2*sin(z(1)-z(2))*(m1+m2). ..
—g*sin(z(2))* (m1+m2))/ (L2* (m1+m2) -m2*L2*cos (z(1)-z(2)) "2) ;

Next I set up a script file that defines the parameters m1, m2, L1, L2 and g and the initial
values of 6, (t1), 0y (t2), 8; (t1prime) and 6y (t2prime), calls ode45, saves a column vector of
time values (¢) and a column vector of z values that has four columns 21, 22, 23 and z4, which
are, according to equations (31)-(34), 61, 6, 0, and 0, respectively. I start with this code:

t1=pi/2;
t2=0;
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Figure 2: the position of m; and mo Figure 3: the position of m; and my
over time over time

tlprime=0;

t2prime=0;

mi=2;

m2=1;

Li1=1;

L2=1;

g=9.81;
[t,z]=o0de45(@Pend, [0,5], [t1;t2;t1prime;t2prime]l, [],m1,m2,L1,L2,g);

I would like to be able to plot the position of the two masses as time goes forward so that
I can check to see if my numerical solution is reasonable so I use equations (2), (3), (4) and
(5), replacing 67 with the first column of z and 6, with the second column of z. So I add this
Matlab code:

x1=Li1*sin(z(:,1));
yl=-Li*cos(z(:,1));
x2=L1*sin(z(:,1))+L2*sin(z(:,2));
y2=-Lix*cos(z(:,1))-L2*cos(z(:,2));
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Figure 4: the position of m; and my Figure 5: the position of m; and mg
over time over time

In order to see the numerical results I will plot 6, versus time, 05 versus time and, in order
to see that actual motion of the bobs on the two pendulums I will plot z1 verses y1 and z2
verses y2 on the same axes. So I will add this code to my script file:

This Matlab code yields figure 2 and 3.

6. Conclusion

6.1. Types of Behavior

There are three different types of behavior exhibited by this system: chaotic, semi-cyclical
and cyclical. Here are some examples. Figure 4 and 5 are examples of chaotic motion of the
double pendulum system. Figures 6 and 7 are examples of quasi-cyclical behavior of the system.
Figures 8 and 9 are examples of cyclical behavior in the system.
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Figure 6: the position of my and mo
over time
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Figure 8: the position of m; and mo
over time
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Figure 7: the position of my and my
over time
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Figure 9: the position of m; and mg
over time
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o
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Figure 11: the position of m; and mg
over time with L; = .93 and Ly =
1.05

Figure 10: the position of m; and my
over time with Ly =1 and Ly =1

6.2. Chaotic behavior of the sysetm

Another characteristic of this system is that small changes in the initial conditions of the system
can produce drastic changes in the behavior of the second mass. With L; = 1, Ly, = 1, the
initial angles 6; and 65 set at just a tiny bit under 7 I get the behavior shown in figure 10 but if I
increase the length of Ly by % and decrease Ly by ﬁ I get the behavior observed in figure 11.
One of these examples exhibits quasi-cyclical behavior while the other shows completely chaotic
behavior.
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7. Matlab GUI

I also made a Matlab GUI that animates my double pendulum model. The user can vary the
length of the pendulum bars, the mass of the pendulum bobs, the initial 61, 65, 6; and 65 values,
the time span and the number of points used by ode45 to generate the numeric values for the
animation. A large number of points will cause the animation to proceed slower and a small
number of points will cause the animation to speed up. This GUI can be accessed at:

http://online.redwoods.cc.ca.us/instruct/darnold/DEProj/sp08/jaltic/
DoublePendulumAnimation.zip
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http://online.redwoods.cc.ca.us/instruct/darnold/DEProj/sp08/jaltic/DoublePendulumAnimation.zip
http://online.redwoods.cc.ca.us/instruct/darnold/DEProj/sp08/jaltic/DoublePendulumAnimation.zip
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