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Abstract

In this article, we outline some important characteristics of coupled oscillators that simplify the
math used to set up and solve a system of second order homogeneous coupled differential equations
describing the motion of the Wilberforce Pendulum.

1. Introduction

The Wilberforce pendulum is a vertical pendulum, where the mass at the end of a spring can oscillate
not only in the vertical direction, but it can also rotate with oscillatory motion (see Figure 1). Also
the energy of the system is transferred between the vertical and rotational oscillations. The amplitude
and frequency of vertical oscillations are dependent on the amplitude and frequency of oscillation in
the rotational direction, and visa-versa. Since the Wilberforce pendulum requires two independent
coordinates to describe its motion, it is a two-degree-of-freedom-system.

2. One Degree of Freedom Systems

We are all familiar with the mass-spring problem. The pendulum bob with mass m is attached to a
spring with spring constant k on a frictionless surface. Given an initial displacement x, the only force
acting on the mass is the restoring force —kz (see Figure 2). By Newton’s second law of motion the force
is equal to a mass times its acceleration, or F' = ma = mi# = —kx, where & is the second derivative of
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Figure 1: Wilberforce Pendulum.




2 with respect to time. Thus the differential equation describing the motion of the mass can be written
as
mi + kx = 0.

Dividing through by m, this becomes
&+ wiz =0,

where we have set k/m equal to w3, It is well known that the solution to this equation is z =
Acos (wot + ¢), where wy is called the “natural frequency” of the system. If left undisturbed, this
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Figure 2: Mass on a spring.

oscillatory motion will continue on indefinitely. This spring-mass system may be described as a one-
degree-of-freedom system because it requires only one independent coordinate to describe its motion.

3. Two-Degree-of-Freedom Systems

Let us turn our attention to two-degree-of-freedom system such as the Wilberforce pendulum. For
any two-degree-of-freedom system, since there are two independent coordinates required to describe
the motion, there are only two possibilities at which the frequencies of the two degrees of freedom can
be equal. These are the normal frequencies for each coordinate. The cases at which this occurs are
called normal modes of the system, and any combination of motion of the system can be written as a
linear combination of these normal modes. We will explain normal frequencies and modes further in the
following discussion.

Consider a system in which two masses connected to two separate springs with identical spring
constants k are joined by a spring of constant k' (see Figure 3). Are there any ways in which these
two masses can oscillate with the same frequency? Intuition tells us that if the displacement of the

Introduction

One Degree of . ..

Two-Degree-of-. . .

Normal Modes

Conclusion

Home Page I
Title Page I

Page 3 of 16 I

Full Screen

EEE=N
Close I
[

Quit



Equilibrium Position
@ \L
k K
m m

-— forces -—

kx kx

fx
B

Introduction
One Degree of . ..

Figure 3: Horizontal mass-spring system: equal initial displacement.
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Figure 4: Horizontal mass-spring system: equal and opposite initial displacement.

masses are exactly equal in direction and magnitude, then the joining spring will remain slack and can

be ignored as both masses (being uncoupled) will oscillate with their natural frequencies /k/m. If the Page 4 of 16 I
displacement of each mass is exactly equal and opposite (see Figure 4), then the force acting on each
mass will be (k + 2k')z. Setting this equal to F' = ma = ma we get the the differential equation
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Then the frequency at which each mass oscillates is
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In these two scenarios in which the masses oscillate with the same frequency, they oscillate with the Quit
”normal frequencies” of the system. The motion that the masses exhibit when oscillating at these normal



frequencies are the normal modes of the system. Any possible combination of the motions of the two
masses can be written as a linear combination of these normal modes.

4. Normal Modes

Applying these concepts to the Wilberforce pendulum, the natural response of a spring being stretched
or compressed is a small unravelling or ravelling of the coils of the spring, inducing rotational motion of
the mass attached to the end of the spring. We would expect that if the frequency of rotation forced by
the inertia of the mass, matches the frequency of the “ravelling/unravelling” (the natural frequency of
the system), then this would be a normal frequency. If the frequency of the rotation of the mass opposes
the natural frequency of the spring, this could also be considered a normal frequency of the system. The
inertia of the system is adjusted (by correctly positioning the nuts that are protruding from the vanes
of the pendulum) in order to produce a normal frequency. Therefore, if we can analyze the system to

w[@MN J”F

Figure 5: Wilberforce Pendulum.

find the motion of the mass as it oscillates at these normal frequencies then we would have found the
normal modes of the system. Then, we will in fact have solved the system for any combination of the
vertical and rotational motions of the pendulum. Now that we have conceptually identified the normal
modes, let us find them with a little more rigor.
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In our system the vertical displacement is going to be measured from equilibrium in the z direction,
and the displacement in rotation is going to be measured as an angle 6 from equilibrium (see Figure 5).
The Lagrangian for our system is the kinetic energy minus the potential energy plus a coupling term
with coupling constant €. This coupling term accounts for the fact that the energy in the z direction is
dependent on the energy in the 6 direction, and visa-versa, where € is the magnitude of this effect. € is
dependent on the properties of the spring. The kinetic energy (K) of the mass in the vertical direction
is defined to be

and the potential energy (U) is given by
1
~k2?.
2
Likewise the kinetic and potential energies of the mass in rotation are

1_. 1
—16? and —06?
2 2
respectively, where [ is the inertia of the mass and ¢ is the rotational spring constant. The coupling

term is a potential energy relation of z and 6, given by

1
5626.
Therefore the Lagrangian (L) for this system is
1 1 . 1 1 1
L=K-U= 5mz‘2 + 5192 - ikf - 5692 — ez0. (1)

We need to minimize the Lagrangian for our system. The well-known Euler-Lagrange equations will do
this for us, in the same way that, to find the minimum of a function, we take its derivative and set it

equal to zero.
d (0L\ oL d (OL\ oL
pr <a> % & <ag> ~a " @)

where the derivative with respect to time of the partial derivative of the Lagrangian with respect to 2

minus the partial derivative with respect to z equals zero. Also, the derivative with respect to time of

the partial derivative with respect to 6 minus the partial derivative with respect to 6 equals zero.
Applying the Euler-Lagrangian equation to Equation (1) returns
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thus,

In the same manner,

thus,

These two second-order, non-homogeneous differential equations describe the complete motion of the

system.

The first of these two equations describes the vertical motion of the mass. The second describes its
rotational motion. The terms %69 and %ez couple the two motions, thereby making each a function of

both variables.

o = =~ = ¢z,

o= 2 (0L _oL
T dt \ oo 00

d /. 1
0—£(I9)—<—69—§ez>

.. 1
0219+59+§62.

1
m2+kz+560:0

Ié—l—é&—i—%ez:o
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Assuming the system to be in a normal mode, the masses can oscillate with the same frequency and
phase angle but with different amplitudes. From well known oscillator theory, the solutions to Equations
(3) and (4) can be assumed to be

z(t) = Aj cos (wt + ). (5)
0(t) = Ay cos (wt + @) (6)

We need to take the first and second derivatives of these equations with respect to ¢ so that we can then
substitute the result into Equations (3) and (4) to solve for the amplitudes of oscillation.

2(t) = —Ajwsin (wt + @)
6(t) = —Aywsin (wt + ¢)

3(t) = —Ajw? cos (wt + @)
() = —Ayw? cos (wt + ¢)

Substituting these equations back into Equations (3) and (4), we get
1
m(—Ayw? cos (wt + @)) + kA cos (wt + @) + §€A2 cos (wt+ ¢) =0

I(—Agw? cos (wt + ¢)) + 6 Az cos (wt + @) + %eAl cos (wt + ¢) = 0.

Factoring out cos (wt + ¢) and dividing through by m, we get

k 9 € _
(m—w >A1+2mA2—0 (7)
€ 0 9 _

2[A1+<IW>A20. (8)

We may set k/m and §/I equal to w? and wg respectively, because these are the squares of the natural
frequencies of the vertical and rotational motions. Then grouping A; and As terms yields a system for
which we can solve A; and As,

(wg - w2)A1 aF %AQ =0 (9)

2%,41 + (W2 — w?) Ay = 0. (10)
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The trivial solution to this system
A |0
A= a]- 1]

produces a motionless system because the magnitude of the amplitudes are zero, so we need non-trivial
solutions. To find non-trivial solutions of A; and As, the determinant of the coefficients of this system
of linear equations must be equal to zero.

2 2 G
2m

€ 2 2
27 Wy = W

=0.

Expanding the determinant and grouping like terms yields

2
4 2 2y 2 2 2 €
— — ——— ] =0
w (Wi — wy)w —&-(wzwa 1 I)

Solving this equation for w using a binomial expansion, we get the frequencies of the two normal modes.
2 _ 1) o 2 2 221 E
Wi =5 Wh T Wyt (wg —w3) t T

1 €2
wSQ{Wg+W3\/(W§W§)2+M}

Only when the frequency of oscillation of the mass is equal to the natural frequencies in z and 6 can we
observe the system to oscillate in a normal mode. Recall the two-mass system. The masses were only
able to oscillate with the same frequency because the spring constants of the two outside springs were
equal. Thus, when the natural frequency of the system in z equals the natural frequency of the system
in 0, then we can make the substitution wy = w, = w, and the above equations can be reduced to

2 2
wy =w” + 11

! vml (11)
wi=w?— < (12)

Introduction
One Degree of . ..
Two-Degree-of-. . .

Normal Modes

Conclusion

Home Page I
Title Page I

Page 9 of 16 I

Full Screen

EEE=N
Close I
[

Quit



If we let wp = €¢/2v/ml. These equations become

wi=uw?+ %3 (13)
wi=w?— W7B (14)

Thus
WB = W1 — W3,

where wp is the beat frequency produced by the interference of the two normal frequencies.

Now that we have the normal frequencies, we need to know the relation of the amplitudes of oscillation
in z and 6. The ratio of those amplitudes is dependent on the frequency of the normal mode. Since we
chose an w that makes Equations (9) and (10) dependent, we only need to solve Equation (9) for the
ratio of the amplitudes at the first normal frequency by substituting w? for w?. Equation (9) becomes

(w2 — wi)A; + %AQ =0,

but w? = w? + ¢/v4mlI from Equation (10) and w? = w?. So the above equation becomes
€ €
——A1+—A5=0.
ey + o2

Solving for Ay/A; yields \/m/I. Doing the same for the second normal frequency, we get the ratio at

ws. It turns out that
A2 m
—_— =7 = _—_ = —T 9
A ! I ?

where r1 and 7o are the ratios of the amplitudes at each normal frequency. Therefore, the amplitude
vectors can be written as

0] a0 ]
AL — =
AP Al
(AP [ 4P ]
A — - ,
AP | A
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where superscript denotes the frequency at which the Amplitude was obtained. The solutions for the
motions of system thus can be written as position vectors,

ERIG) I Agl) cos (w1t + ¢1)

(L = = = first mode
16D (@) _rlAgl) cos (w1t + ¢1) |
(2@ (8)] [ AgQ) cos (wat + ¢2) ]

x(2) — = = second mode
10 (1)] _r2A§2) cos (wat + ¢2) |

Again we remind you that any motion of the pendulum can be written as a linear combination of its
normal modes. Thus,

2(t) = 20 () + 2D (¢) = Agl) cos (w1t + ¢1) + A§2) cos (wat + ¢2) (15)
o(t) = oW (t) + 02 (t) = Agl)rl cos (w1t + ¢1) + Agz)rg cos (wat + ¢2) (16)

The initial conditions that we give our pendulum are a twist and a displacement in the z direction,
but no initial velocity in either direction. Therefore, the initial conditions are

z(0) = 2o 2(0)=0
9(0) =6,  6(0) =0.

Substituting these initial conditions into Equations (15) and (16), the equations that we will use to
determine the amplitudes Agl) and A(lz) and the phase angles ¢; and ¢y are

Zo = Agl) cos ¢1 + A?) COS (g
0= fwlAgl) sin ¢ — ngEQ) sin ¢o
0 = rlAgl) cos ¢1 + 7"2A§2) COS ¢
0= —rlwlAgl) sin ¢ — r2w2A§2) sin ¢s.
Solving this system for Agl), AgQ), o1, and ¢o

T100+Zo A(g)_T190—Z0 ¢1_¢2_0
1 — ’ - -

r —T2 ’ L — T2

1
AW =
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Substituting y/m/I for r1, and —/m/I for r3, the general solution of the motion of the Wilberforce
pendulum is

v/ 200 + 2 v/ 200 — 2
Z(t) = X 0 7™ coswt+ Y L0 2

_ [m/Fbo+ 20 _[m /P — 20
0(t) = Y= — coswit Y — coswat.
T 2,/% N

Ccos walt

5. Conclusion

Let us look at the solution of the system of differential equations, Equations (3) and (4), plotted using
Matlab’s built-in odel5s m-file, so as to have something to compare our solutions to (see Figure 6). Our
constants are set to those measured by Berg and Marshal [I, p.35], and tabulated in the table below.

Inertia-(T) 1.45E~* Nm?
Mass-(m) 0.5164-kg
Epsilon (e) 9.28E73 N
Torsional spring constant (0) 7.86E—4 Nm?2
Longitudinal spring constant (k) 2.69 N/m

Now let us plot our solutions using the same constants. See Figure 7 for a plot of our solutions versus
time.

The first thing we notice is beating occurring, showing the complete transfer of kinetic energy from
z to 6 and back. The next thing we notice is that the displacement of the mass in the vertical direction
is disproportional to the displacement of the mass’ rotation. So the ratio of the amplitudes appear
not to match our previous computations, but intuitively this is to be expected because of the small
displacement in rotation that the mass experiences in relation to its large vertical displacement. To
remedy this discrepancy, we need to put the displacement of rotation into units of the z displacement.
If we change the 6 displacement into arc length (s) by the relationship s = rf, we can obtain a plot
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Matlab’s solution using ode15s
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Figure 6: z(t) and 6(¢) vs. ¢

that represents the correct amplitude relationships (see Figure 8). Excitingly enough we can see that
the solution that we obtained is in perfect agreement with the solution that Matlab’s solver obtained.
These solutions cover a region in the zf-space, that has boundaries defined by the initial conditions (see
Figure 9). Every other solution to this system lies within this space.
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8 (In meters)

Normal modes in the z—6 space
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