Analysis of The Motion of Pumping on A Swing
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Abstract

The motion of a person pumping a swing is extremely complex. However, the modelling can be
accomplished in the two-dimensional plane by assuming the swing to be a massless rigid rod pivoting
at the origin. Another simplification to the system is by modelling the person that is pumping the
swing as a set of three masses (the torso, the hips, and the legs) on another massless rigid rod,
where the center of mass is connected to the first massless rod. Even with these simplifications, the
problem of analyzing the motion is still somewhat difficult. With this model, we will be able get a
close feel for the overall motion and the forces that are involved.

1. Background

The analysis of the swing system is possible because of the calculus started by Sir Isaac Newton and
Gottfried von Leibniz in 18th century. Isaac Newton derived three Laws of Motion based on the
relationship between force and acceleration.

In 1746, Pierre Louis Moreau de Maupertuis formulated the Principle of Least Action. Then Leon-
hard Euler developed calculus of variations, useful for finding curves that are a minima for the length
with respect to a given set of conditions.

Next, Joseph-Louis Lagrange took Euler’s calculus of variations and applied them to Newton’s
physics. The main result of Lagrange’s work uses this Principle of Least Action. In the Principal of
Least Action, the differential equation of motion of the system is derived by taking the minimum action
of the system. This minimum action is often referred to as geodesy (the tendency of physical changes
and processes to take the easiest or minimum path). The action is the integral with respect to time of
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the Lagrangian, which depends on the positions and velocities in the system.

ty
Action = /
t;

i

The differential equation that describe the motion of the system are determined by the action being at
a minimum (or maximum) value, where the functional differential of the action is zero. This yields the

Euler-Lagrange equation
oo (LY _ (oL
- dt 8q] aq]‘

which gives the equations of motion for the system.
Finally, in 1834, Dublin mathematician William Rowan Hamilton applied his work in optics to
Newtonian mechanics, resulting in Hamilton’s principle of least action.[7][(]

2. Introduction

In modelling the motion, we will first use the Euler-Lagrange equations to define the periodic motion.
The Lagrangian for the system will be determined by first finding the position of the masses and their
respective velocities. Then, using the position and velocities of the respective masses, we will determine
the kinetic and potential energy, which will define the Lagrangian equation. Next, we will use Euler’s
equation with respect to the angle of displacement from the vertical to find the second order differential
equation which will reveal the terms that drive the system. We will look at these terms and analyze
their effect on the motion of the system. Although much approximation is involved, the results of the
analysis of driving forces in the model will be close to that of an actual system. This simplification will
help us to understand the overall motion of the system.

3. The Lagrangian Equation

The Lagrangian (L) for a system has the form
L=K-U (1)

where K is the total kinetic energy U is the total potential energy of the system. By looking at the
diagram of the system, in Figure 1, we write the coordinates of the masses in generalized form. For
simplicity, the following substitution will be made—60; = ¢ and 65 = ¢ + 6.
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The Lagrangian Equation

Figure 1: Graph of the system.




3.1. Coordinates of the System

In order to compute the Lagrangian, the position of the masses must be written in the form of generalized

coordinates. The coordinates of mq are
x1 =l sin(6) and y1 = Iy cos(6y).
The coordinates of mq are
X9 = Iy sin(6y) + l2 sin(6z) and y2 = 11 cos(0y) + I3 cos(fz).
The coordinates of ms are
x3 = Iy sin(61) — I3 sin(6y) and y3 =l cos(01) — I3 cos(62).
The components of the velocity some mass m at the point (x,y) with respect to 6 is

. dzx

. dy
'Um—LL'—E —_—

and vy =y=_

Thus, the components of the velocity for m; are

i‘l = ll COS(91)91 and ZJ1 = —ll sin(91)61.

The components of the velocity for moy are

i:Q = ll cos(&l)él ar 12 COS(@Q)éQ and y2 = —ll sin(ﬂl)él — 12 sin(02)92.

The components of the velocity for ms3 are

.’i?g = ll COS(el)él — l3 COS(ag)ég and ’Ll'/3 = —ll Sil’l(al)él + 13 Sin(ag)ég.

3.2. The Kinetic Energy of the System

The kinetic energy, k = 3mv?, of some mass m, where v? at a point (z,y) is equal to (v2 + v7), is

1
k= im(vfc + vi)

(2)
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The coordinates of the masses are used to compute the individual kinetic energies of the individual

masses. The kinetic energy for my is
1 . .
ki = §m1(9€? + 7).

Substituting equations (5) in for &, and ¢, respectively, we have
1 . . .
k= iml[(ll cos(01)01)? + (=1 sin(61)61)?].
This can be rewritten as

1 9
ky = §mll§9§. (8)

Next, the kinetic energy for mo is
1 . .
by = 5ma(@3 + §3)-
Substituting equations (6) in for 45 and s,
1 . . . .
kz = §m2[(ll COS(01)01 + lg COS(92)02)2 + (711 sin(91)01 — lQ sin(02)02)2].
Distributing the square and grouping like terms yields
ko =5ms [12 cos(01)263 + 13 sin(61)%07 + 12 cos(02)2603 + 13 sin(62)?63
+ 2[4 19 605(91) COS(92)9192 + 21115 sin(@l) Sin(ag)élég].
Factoring out common terms, using the pythagorean identity, and distributing the common factor %mg

we get

ko = %mzlfﬁ.% + %mglgég + malyl26162(cos(61) cos(f) + sin(6y) sin(6y)). 9)

Thirdly, the kinetic energy for mg is
1 . .
Substituting equation (7) in for &5 and ys,

1 5 3 5 5
k‘g = img[(ll COS(91)91 — 13 COS(02)92)2 + (—11 sin(91)91 + 13 sin(92)92)2].
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Distributing the square and grouping like terms yields

1 g ] g ]
ks =3ms [13 cos(61)%62 + 12 sin(0:)207 + 13 cos(02)?63 + 13 sin(62)?63
— 2[113 COS(91) COS(92)910.2 — 2[1[3 sin(&l) Sin(eg)élég].

Factoring out common terms, using the pythagorean identity, and distributing the common factor %mg
we get

1 3 1 : ..
kg = §m31%9% T 577131%6‘% — m311139192(cos(91) COS(QQ) 4= sin(91) sin(92)). (10)

Therefore, the total kinetic energy of the system Kp = k; + ko + k3. Substituting the values of k1, ko,
and k3, computed in equations (8), (9),and (10), we get

1 .
Ky =-—m; 1363

2
1 9 1 : ..
+ 5’)’)121%9% + imglg% + malyl260102(cos(01) cos(6s) + sin(6;) sin(6z))
1 9 1 : ..
aF §m31%9% = §m3l§9§ — m311139192(cos(91) COS(GQ) ar Sin(@l) Sin<92)).

Grouping like terms and factoring out common factors we get

1., 1.
K =5 1303 [m1 +ma + ma] + 503[mal5 + mal3]
+ 1161 65[cos(01) cos(62) + sin(0y) sin(0s)][mals — msls).

If we let
M =mq + mso + mg

I, =M1?
12 :mQIg -+ m:),lg
N =mgl3 — mals,

then substituting M, N, and I into the equation yields

1, 1 - .. . .
Kr = 51%9%(M) + 59%(.72) +110102[cos(01) cos(62) + sin(f;) sin(h)](—N).
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Using the cosine expansion trig-identity and substituting /; into the equation gives
[ [ ..
Kr = 5[191 + 5[2(92 = l1N9102[cos(91 = 92)]
Finally, substituting back ¢ and 8, where 6; = ¢ and 05 = ¢ + 6, the equation becomes

Kr = 2162 + 20(3-+ 07 — LN9(G + 6)cos(o). (1)

3.3. The Potential Energy of the System

The potential energy for some mass m at a point (x,y) is u = —mgy. In this instance, gravity is always
pulling against the direction of positive motion. If the swing is moving to a higher potential height,
the masses always experience a negative acceleration through the highest point in the arc of the motion
until they return to the lowest potential energy value. The potential energy for m, is

Uy = —Mmigya.

The coordinates of the masses are used to compute the individual potential energies of the individual
masses. Substituting the value of y;, computed in equation (2), into the previous equation yields

U = 777119(11 COS(Gl)). (12)

Next, the potential energy for ms is
U2 = —M2gYys.

Substituting the value of yo2, computed in equation (3), and distributing the factor —mag yields
us = —miagly cos(01) — magls cos(6s)). (13)
Thirdly, the potential energy for mg is
U3 = —MmM3gys.
Substituting the value of y3, computed in equation (4), and distributing the factor —mgg yields

ug = —m3gly cos(01) + msgls cos(62)). (14)
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Therefore, the total potential energy of the system, as computed in equations (12), (13), and (14),
is Up = uq + ug + uz. Substituting the values of uy, us, ug and factoring common terms yields

Ur = —gly cos(61)(my1 + ma + m3) — g cos(02)(male — mgls).

Again,
M =mq + mso + mg
N =mglz — mals,

then substituting M and N into the equation yields
Ur = —gly cos(61)(M) — g cos(f2)(—N).
Substituting back ¢ and 6, where 61 = ¢ and 65 = ¢ + 0, the equation becomes
Ur = —Mgl; cos(¢) + Ngcos(¢p + 0). (15)

4. The Lagrangian Equation of the System

Now that the kinetic and potential energies have been attained, we can now compute the Lagrangian
for the system. As is well known, the equation for the Lagrangian is is given by the equation

L =Ky —Ur. (16)

After substituting the kinetic and potential energies, that are computed in equations (11) and (15),
into equation (16) we get

b= %1'1(152 -+ %Iz(q‘s +0)% — LN G($ + 0) cos(6) an
+ Mgly cos(¢) — Ngcos(¢p + 0).
5. Euler-Lagrange Equation

Next, we use Euler’s formula. The differential equation for the motion of the system is derived by
taking the motion of the masses that requires a minimum of action for the system. The Euler-Lagrange

equation is given by
0= d (OL\ 0L
- dt 3(]] an' ’
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where we set the right hand side of the equation equal to zero. Thus, setting j equal to the angler
time-dependant displacement of the masses from the vertical y-axis (¢), we get

d (0L oL

Then, substituting the value of the Lagrangian, computed in equation (17), into equation (18), we solve

for OL/d¢

gz 8a¢ ( L¢? + I2(<5 +60)? — uN (¢ + 0) cos(0)
+ Mgl cos(¢) — Ngcos(¢ + 9)) (19)
=0¢+ L(d + 0) — [y N cos(6) (26 + ).
Next,
d (0L d. . . ..
(6(;5) :£[11¢+I2(¢+9) — 11N cos(6)(2¢ + 6)] 0
=16+ I (¢ + ) — 11 N[cos(0) (26 + 6) — sin(0)0(2¢ + 6)].
Next,
gg 38(;5 ( L¢?+ I2(¢ +0)2 — LNG($ + 0) cos(0)
(21)

+ Mgly cos(¢p) — Ngcos(¢ + 9))

= — Mgly sin(¢) + Ngsin(é + 0).
Substituting the computed values in equations (19), (20), and (21) into equation (18) we get

d (0L\ 0L

(%)%

=11 + I(¢ + 6) — Iy N[cos(6) (24 + 6) — sin(0)0(26 + 6)]
— [ Mgl sin(¢) + Ngsin(¢ + 0)]

=1¢ + Iyd + L6 — 21, N cos(0)$ — Iy N cos(0)6 + 21, N sin(6)pd + I, N sin(6)§?
+ Mgly sin(¢) — Ngsin(¢ + 6).
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This results in the path that requires a minimum of action for the swing system which is described by
the following equation

0 =114+ I¢ + 1,6 — 20 N cos(6)¢ — I N cos(8)8 + 201 N sin(6) ¢ + 11 N sin(0)>

: . . (22)
+ Mgl sin(¢) — Ng(sin(¢) cos(8) + cos(¢) sin(6)).

We can get a close approximation for the last term in equation (22). For small values of ¢,sin(¢) is
approximately equal to ¢ and, likewise, for small values of ¢,cos(¢) is approximately equal to one.
However, for this approximation to yield an accurate solution, ¢ must be less than .7 radians or less
than approximately 40°. Thus, the last term can be approximated as

—Nglsin(¢) cos(0) + cos(¢) sin(6)]

%

—Ng[(¢) cos(0) + (1) sin(0)]
—Ng¢cos(f) — Ngsin(0).

Q

Substituting this approximated value into equation(22) we get

0 =I1¢ + Ir¢ + I:6 — 201N cos(0)¢ — 1N cos(8)6 + 201 N sin(0)¢ + 11N sin(0)6>

23
+ Mglip — Ng(¢) cos(0) — Ngsin(0). (23)

Moving the first, second, and eighth terms to the right hand side of equation(23) we obtain
L§+ Izp+ Mgl = — L0 + 211 N cos(0)¢ + 11N cos(0)8 — 21, N sin(6)dd — 1, N sin(0)6? (24)

+ Ng(¢) cos(8) + Ngsin(6).

6. Approximation of the Terms

The two terms on the left hand side of the equation are the standard harmonic oscillatory terms of a
harmonic system. We now make the assumption that the pumper pumps the swing by rotating their
mass as 0 varies as 6y cos(wt). The 0y factor is a time independent amplitude that represents a fixed
parameter. [|]

6.1. The Driving Terms of the System

The first four terms on the right hand side of the equation(24) are the driving terms of the system.[!]
The driving terms are characterized by the pumper rotating their body about the center mass (my).
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With the assumption that 0 = 6, cos(wt), the first derivative becomes
—I,0 = w?I,0, cos(wt). (25)

We wish to write the equation of motion in terms of fixed parameters and one variable (¢). To do
this, the Taylor series is used to expand the functions of #. The expansions are carried out only to the
fifth order of . The next equation on the right is expanded to

, 5 ot 6 0 , 5
—I1Nsin(6)0° = —[1N (1! 3 I 5') [—wlg sin(wt)]”.
Substituting in 6y cos(wt) in for 6 yields
3 5 noad 7 B
—11 N sin(6) (6 cos(wt)’)? = —I; Nw? <90 cols(wt) _ % COZ () I b ccl)szo(wt)> sin(wt).

Using a trig-identity and distributing the 1 — cos?(wt) we have

03 [cos(wt) — cos?(wt)] B 03 [cos?(wt) — cos® (wt)]) .
1 6

—11 N sin(6) (0o cos(wt))? = —1; Nw? ( (26)
Next, we expand cos?(wt), cos®(wt), cos*(wt), and cos®(wt) out as a combination of first order
functions of wt and 2wt to rewrite all functions of § of order greater than one. Solving for cos?(wt)
yields
cos(2wt) =2 cos?(wt) — 1

cos®(wt) :% cos(2wt) + % (27)
Next, solving for cos®(wt) yields
cos(3wt) =4 cos®(wt) — 3 cos(wt)
cos® (wt) :i cos(3wt) + % cos(wt). (28)
Then, solving for cos*(wt) yields
cos(4wt) =8 cos* (wt) — 8 cos?(wt) + 1
cos* (wt) :é cos(4wt) + cos?(wt) — é (29)

1 1
=3 cos(4wt) + 5 cos(2wt) +

ool w
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Lastly, solving for cos®(wt) yields
cos(bwt) =16 cos® (wt) — 20 cos®(wt) + 5 cos(wt)

1
=16 cos®(wt) — 20 1 cos(3wt) + % cos(wt) | + 5 cos(wt) (30)

1 5 10
5 _
cos’ (wt) = 16 cos(bwt) + 16 cos(3wt) + 6 cos(wt).

However, we only keep the terms with frequencies of w for the driving force terms because terms at
multiples of the w frequency have very little effect, thus, we approximate the terms as
3 3 5 10
cos® (wt) = 1 cos(wt) and cos’ (wt) = 16 cos(wt). (31)
We only keep the terms with frequencies of 2w for the parametric terms because terms at multiples of
the 2w frequency have very little effect, thus, we approximate the terms as
9 1 1 4 1 3
cos®(wt) = 5 cos(2wt) + 5 and cos” (wt) = 5 cos(2wt) + 3 (32)
An example of how frequencies at multiples of the natural frequency hardly affect the overall motion of
the system is given in Figure 2. The following Matlab M-file plots graphs: one of a set frequency and a

second with the addition of multiple frequencies. Note that the amplitudes of the graphs are virtually
indistinguishable.

function multiple

close all tspan=[0,100]; init=[0,0]; [t1,yll=ode45(@f,tspan,init);
subplot(1,2,1) plot(tl,y1(:,1)) title(’Natural frequency’)
subplot(1,2,2) [t2,y2]=0de45(0@g,tspan,init);
plot(tl,y1(:,1),’b’,t2,y2(:,1),’r’) title(’Natural frequency with
multiples of the natural frequency’)

function yprime=f(t,y) yprime=zeros(2,1); yprime(1)=y(2);
yprime (2)=-16*y(1)+cos (4*t) ;

function yprime=g(t,y) yprime=zeros(2,1); yprime(1)=y(2);
yprime (2)=-16%*y (1) +cos (4*t)+cos (8*t)+cos (16%t) ;

Background

Introduction

The Lagrangian Equation
The Lagrangian. ..
Euler-Lagrange Equation
Analysis of the Driving . ..
Looking At The. ..

Results
Conclusions

References

Home Page I
Title Page I

Page 12 of 48 I
Go Back I

Full Screen

e
Close I
e

Quit



15

10

=5

-10

-15
0

Natural frequency

!

!

!

15

20

40

60

80

100

Figure 2:

Natural frequency with multiples
of the natural frequenc;

-15
0

20 40 60 80

100

Background

Introduction

The Lagrangian Equation
The Lagrangian . ..
Euler-Lagrange Equation
Analysis of the Driving . . .
Looking At The. ..
Results

Conclusions

References



Then, substituting these approximations, calculated in equation (31), into equation (26) we get

. 1 1
~I; N'sin(6)6? = —1; Nw? [98’ (cos(wt) - Zcos(wt)) - 698 (i cos(wt) — % cos(wt))} .

Finally, subtracting terms and factoring out the cos(wt)/4 gives
. 1 ; 1
—; Nsin(6)6? = jzlzvoﬂ <93 - 1293) cos(wt). (33)

Expanding the next term on the right hand side of equation (24) we get

6 o

LN cos(0)d = 1 N (1 g 4') [—w?6 cos(wt)].

Substituting in 0y cos(wt) in for 6 and distributing yields
03 cos®(wt) N 03 coss(wt)>

(34)

11N cos(9)0 = —1; Nw? (90 cos(wt) — > =

Next, substituting the approximations from equation (31) into equation (34) yields

.. 1 1 /1
11N cos(0)0 = — I, Nw? [00 cos(wt) — 593’ (i cos(wt)> + ﬁﬁb’ (12 cos(wt))}

& — 1 Nw? [00 = 293 4 12208] cos(wt).

Expanding the next term on the right hand side of equation (24) we get
. ot 03 0
Ngsin(f) = Ng (1! — 3 + 5!) .

Substituting in fg cos(wt) in for  yields

(36)

3 (o3 5 codd
Ngsin(8) = Ng (90 cos(wt) 03 cos®(wt) N 65 cos (wt)) -

1 6 120

Then, substituting these approximations, calculated in equation (31), into equation (36) and factoring
out the cos(wt) we get

1 1
Ngsin(f) = Ng {00 — gﬁg’ + MGS} cos(wt). (37)
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6.2. The Parametric Terms of the System

The next four terms on the right hand side of the equation are the parametric terms of the system.[!]
They are called parametric terms because they have a certain time-dependance in that they are ¢-
dependant.[?] Expanding the next term on the right hand side of equation (24) we get

62 04
+ 3

Ng¢cos(0) = Ngo <1 ~ ot

Substituting in 6y cos(wt) in for 6 yields

- 62 cos?(wt) N 03 cos4(wt)> . (38)

Ng¢ cos(6) %Ngqb< > o

Next, substituting the approximations from equation (32) into equation (38), distributing the fractions,
and grouping like terms yields

1 1 1 1
Ng¢cos(0) = Ngo Kl - 108 + 6403> + (—493 cos(2wt) + @03 cos(2wt))] .

Finally, factoring out common factors and distributing the Ng¢ gives

1

1 1 1
Ng¢cos(d) = Ngo <1 - 105 + 6493) — 7NVago (03 - 1293) cos(2wt) (39)

Expanding the next term on the right hand side of equation (24) we get

. .. gL g3 @5\ ..

Substituting in 6y cos(wt) in for 6 and distributing the 6, yields

62 cos(wt) 3 05 cos3(wt) 65 cos®(wt)
1 6 120

—211 N'sin(8)¢8 = 21, Nweo ( ) sin(wt). (40)
Remember that the terms are being expanded out to the fifth order functions of wt, thus, equation (40)

becomes
02 cos(wt) 03 cos®(wt)

1 6

—21, N sin(0) ¢ = 21, Nwé ( ) sin(wt).
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Factoring out the cos(wt) and using a trig-identity we get

o g . 2 4 2
—21; N sin(6)¢6 = Iy Nwé (90 _ g cos*(wt)

7 5 ) sin(2wt) (41)

Next, substituting the approximations from equation (32) into equation (41) yields
Y o 1.,/1 1\] .
—2[1 N sin(6)¢0 = [y Nwe |65 — 600 3 cos(2wt) + 3 sin(2wt).
Distributing the factors —(1/6)63, sin(2wt), and using a trig-identity we have
.. ] 1 -1 1
—211 N 'sin(0)p0 = I; Nwg <9§ - 1293) sin(2wt) — lleng@g (2 sin(4wt)> . (42)

Remember that we only keep the terms with frequencies of 2w for the parametric terms because terms
at multiples of the 2w frequency have very little effect, thus, we approximate equation (42) as

.. . 1
—211 N sin(6)¢l = Iy Nwo (9(2) - 1203) sin(2wt). (43)
Expanding the next term on the right hand side of equation (24) we get

. 92 94 .
201N cos(0)¢p = 21; N (1 =5 + 4'> .

Substituting in 6y cos(wt) in for 6 yields

. , 02 cos?(wt) 62 cos* (wt
2N cos(@) = 21 NG (1 0o (WD) | BocosT(wh))
2 24
Next, substituting the approximations from equation (32) into equation (44) yields
i 7 Lo Lo 14 Loy
201N cos(0)p = 214 N¢ |1 — 190 cos(2wt) — 190 + @90 cos(2wt) + 6—490 .
Finally, grouping like terms, factoring out the cos(wt) and distributing the factor N d) yields

- - 1 1 1 - 1
201N cos(0)¢ = 21 N¢ (1 — 193 + 6493) —5hN¢ [(93 — 1293) cos(2wt)} . (45)
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By substituting the terms, computed in equations (26), (33), (35), (37), (39) (41), (43), and
(45) into equation (24) gives

(I + )¢ + Mgl ¢ =
1 1
w2156 cos(wt) — leNw2 <08’ — EGS) cos(wt)
5 1

— 1 Nw? <00 - 298 + 19298) cos(wt) + Ng (90 - %98 + 1929(5)> cos(wt)
+ Ng¢ (1 - 19(2) + i@é) = lNg(Z) <98 = i&é) cos(2wt) + I} Nwo (93 = i@g) sin(2wt)
4 64 4 12 12
+ 20N ¢ <1 — 193 I i@g) = lllNég <9(2) = i@é) cos(2wt).
4 64 2 12
Grouping like terms and factoring out periodic factors of wt and 2wt we get

(It + I)p + Mgl ¢ =
2 1 2 3 1 5 2 3 3 5 5 1 3 1 5
wIz0p — leNw 0y — EHO — L Nw* (6 — g@o I @90 + Ng (6o — gﬂo I @90 cos(wt)
+ —1N¢ - Lor) _ L N¢ 62— Lot (2wt)
19 0T 1% ) T3 0~ 7970 ) | CoRL
: 1
+ LiNwo <0(2] - EQé) sin(2wt)

Ll 1y 7 _1 2 i 4
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Grouping the parametric terms on the right hand side of the equation in terms of ¢, (;.S, and ¢ we get
(I + [2)@5 + Mgl =
Ngé 1—192+i04 +2lNé 1—192+i94
g 170 6470 ! 107 6470

1 1 3 5
+ {w%oo — Zleuﬂ <93 — 120{;) — 1 Nw? (00 - geg + 19298>

lis 1 s .
+ Ng (90 - §00 + 19290> } cos(wt)
~Ing(oz- Lo (2wt)¢
12V9 (b0 — 150 ) cos(2w

+ L Nw (98 = 1129§> sin(2wt)¢

1 1
- ghN (03 - 1293) cos(2wt) ¢
To have a differential equation that is easy to work with, the equation should have the form

b+ wo = F cos(wt) + A cos(2wt)¢ + Bsin(2wt)d + C cos(2wt)o, (46)

where the terms are grouped according to their dependance on ¢. To do this, we begin by moving the
terms without a periodic factor varying with the natural frequency to the left hand side of the equation
we get

® _} 9 i 4 " _} 2 i 4 ) ~

g
8

1 1
08 + 595> + Ng (90 - gog - 95>] cos(wt)

1 1
2 1 2 (3 5\ 2 _
{w 150 411Nw (90 1290) L Nw (00 19270 19270
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We then combine the like terms on the right hand side of the equation and factor out the ¢ and (15 factors

Y TS Lo 1 ~

N
192

1

1 1 3 1
[w2I290 - leNwQ(eg - EGS) — I} NW? (60 = gﬁg’ I 98) + Ng (90 - gﬁg’ I 19298>] cos(wt)

1 o 14
ZNg (00 E%) cos(2wt)¢

1
+ 5 Nw (03 = ﬁeg) sin(2wt)¢

1 1
— LN (62— =6} 2wt) .
2l1 (90 1200> cos(2wt)
Next, we make the following substitutions:

Ip= (I, + L) + 2N <1 - 193 + 1 ag‘;)
4 64
N . (48)
_ _=p2 4
Ko = Mgly + Ng <1 400 o —6490> )

Making the substitutions of equation (48) into equation (47) yields
Ing + Koo =

1 1 3 3 1 1
{w2I200 - leNwQ (68’ — EGS) — I} NW? (90 = 598’ I @98> + Ny (90 - 598’ I @08>] cos(wt)

1 2 1 4
= ZNg (00 = EHO cos(2wt)¢
1 .
+ 5 Nw (93 = Eag) sin(2wt)¢
L v (- Lo (2wt)
2 1 0 12 0 COS| 2w .
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Dividing both sides of the equation by Iy we have

¢+ [Ko/Ip)p =

1 1
({&1290 - 711Nw2 (93 - 1293) — 1 Nw? (90 - %93 +

+ Ng <00 90 + 1;2 5) }/IO> cos(wt)

1
12

I -lle (6‘3 = 112 4) /Io} sin(2wt)

93) /IO} cos(2wt)¢

- %l N (02 11298‘> /IO] cos(2wt) .

Simplifying the coefficient on the cos(wt) term yields

1
<w21290 — ElleQ (98 —

= 00 w212 + N

=0 | (Wl + N
:60

w2l + N

=0 w2I2 + N

<
(
=6, _(&Ig +N
(
(

[ 1
= 90 (LUQIQ — leNuﬂ <98 —

[ 1
hw? {4 (eg —

(9 — ho?) (1 - geg 1;2 )D /IO] '

5

5

792 + g

8

%)

1927°

1 . 9 3 2 1

—93) N _2 Ng (6 — I

1 4\ 2 _§ 2 _ - 4

-_1 2 2 i 4\ _ “pn2 Y p4

i 411(4} (90 1290) l1w <1 9 4 1929 -l-g

Lpa) (1 3p24 2 gn _
90> (1 00 1929 )} +g <1

et (“2g - A 143 S 79 P /1

| 870 1927° 870 19270 0 192 0

2 -n2 12
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The equation then becomes

¢+ (Ko/Io) ¢ =
o[ (o gt (1 2o 19294)}) i st
(B (6 ) 1) ot

+ (lle (93 ) /IO) sin(2wt)¢

— (%llN (93 129 ) /Io>

cos 2wt

Finally, letting

wo :KO/IO
1
F =0, Kw% +N [(g — lhw?) (1 — gog + 1929())]) /Io]
_ 1 2 1 4

B=0Nw (93 — %93) /1o

_ 1 2 1y
C=—3hN (90 ﬁao> /1o,
we get the following equation by substituting equation (49) into equation (48)

¢+ wié = F cos(wt) + Acos(2wt)¢ + Bsin(2wt)¢ + C cos(2wt)¢. (50)

7. Analysis of the Driving and Parametric Terms

To better understand the system, we will look at the system as two separate systems: one with a
harmonic oscillator with a driving term and the other as a parametric oscillator. The forced harmonic
system displays an increase in amplitude from rest or from a small initial value of ¢ . The parametric
system displays an increase in amplitude only from a non-zero initial value of ¢. It is for this reason
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that it is expected that the driving force will have a dominant effect over the motion of the system for
small values of ¢ whereas the parametric terms will have a minor effect over the system for these small
values of ¢. Because ¢ is small and the driving term is dominant, the system will be approximated by
the equation

¢+ w¢ = F cos(wt), (51)

in which the last three terms of equation (49) are dropped. However, as ¢ increases in magnitude, and
because of the previous assumption for the forced-harmonic system, the parametric terms should have
a dominant effect on the motion of the system, thus the system will be approximated as

b+ wié = Acos(2wt)p + Bsin(2wt)d + C cos(2wt) . (52)

where the first terms of equation (49) is dropped.

7.1. The Effects of Dropping Terms

Before we approximate the solutions of the differential equation by approximating the system as two
different systems, we have to look at if this approach is even reasonable. An answer to these consider-
ations is the energy of the system. This will be the subject of focus. First, both sides of the equation
are multiplied by the integrating factor ¢.

bo + w3¢q5 ~F cos(wt)q.ﬁ + A cos(2wt)¢q5 + B sin(2wt)¢2 +C cos(2wt)<2§¢5

% <;¢2 4 ;w3¢2> & F cos(wt)p + A cos(2wt )¢ + Bsin(2wt)d? + C cos(2wt)pe. (53)

It is assumed that will have an approximate solution ¢ & ¢ cos(wt + &), where wt is the frequency and
0 is the phase shift. Both the angle ¢9 and ¢ change slowly with respect to ¢. Substituting this value of
¢ into the differential equation we get

% (;¢2 + ;w3¢2> & F cos(wt)[pg cos(wt + )]

+ A cos(2wt)[¢o cos(wt + 6)][po cos(wt + §)]’
+ Bsin(2wt)([¢g cos(wt + 8)]')?
( /

+ C cos(2wt) [¢g cos(wt + 8)]” [¢o cos(wt + §)]'.
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The terms on the left hand side of the equation are the rate of the change of the energy in the oscillatory
system with respect to time.[!] The four terms on the right hand side of the equation are the means
by which system is driven. We want to write these driving and parametric terms as an expression of
periodic functions where the terms will be at a minimum when ¢ is zero. This is done by rewriting the
them in terms of the sin function.

Starting with the driving term, we factor out the ¢y and take the derivative which yields

F cos(wt)[po cos(wt + 6)]" = Fg cos(wt)[—w sin(wt + §)].
Then, factoring out the —w we have
F cos(wt)[¢g cos(wt + 6)] = —wF ¢ cos(wt) sin(wt + 6).

Next, using the product to sum trig-identity we get
F cos(wt)[po cos(wt + 6)] = —wF ey (; sin[(wt + 0) — (wt)] + %sin[(wt +0) + (wt)]) ,
and factoring out the one-half yields
F cos(wt)[do cos(wt + 8)]' = —%quso [sin([wt + 6] — [wt]) + sin([wt + 8] + [wi])]-
Lastly, combing like terms inside the periodic function we have
F cos(wt)[po cos(wt + 6)]" = —%wF(bo [sin(d) + sin(2wt + §)]. (54)

Next, we rewrite the parametric term with an amplitude of A starting by factoring out the ¢y and
taking the derivative, which yields

A cos(2wt)[po cos(wt 4 6)][¢po cos(wt + 8)) = Aga cos(2wt) cos(wt + &) [—w sin(wt + 6)].
Then, factoring out the —w we have
A cos(2wt)[¢po cos(wt + 6)][¢o cos(wt + 8)] = —wApg cos(2wt) cos(wt + 6) sin(wt + ).

Next, using the product to sum trig-identity we get

A cos(2wt)[po cos(wt + 6)][¢po cos(wt + 8)) = —wAPg cos(2wt) (; sin(2wt + 26)) )
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and factoring out the one-half yields
A cos(2wt) (g cos(wt + 8)][ég cos(wt + 6)] = f%wAgbg cos(2wt) sin(2wt + 20).

Again, using the product to sum trig-identity we have

A cos(2wt) [pg cos(wt + 8)][¢o cos(wt + )]’

wAP? <; sin([2wt + 20] — [2wt]) + %Sin([th +26] + [th])) :

z
2
Finally, combing like terms inside the periodic function and factoring out the one-half we get
1
A cos(2wt)[¢o cos(wt + 8)][po cos(wt + )] = —ZwA% [sin(20) + sin(4wt + 26)]. (55)

Thirdly, rewriting the parametric term with an amplitude of B starting by distributing the square
and factoring out the ¢3 and taking the derivative, which yields

Bsin(2wt)([¢o cos(wt + 6)]")* = B¢a sin(2wt)[—w sin(wt + 6)]>.
Next, distributing the square and factoring out the wg we get
B sin(2wt)([¢o cos(wt + 6)]")? = wB¢3 sin(2wt) sin(wt + &) sin(wt + 6).
Then, using the product to sum trig-identity we have
B sin(2wt)([¢o cos(wt + 6)]")?
= wB¢? <; cos(|wt + 6] — [2wt]) — % cos([wt + &] + [2wt])) sin(wt + 4).

Combing like terms inside the periodic function and factoring out the one-half yields

Bsin(2wt)([¢o cos(wt + 6)]')? = %quSg [cos(—wt + 0) — cos(3wt + 0)] sin(wt + 9).

Next, distributing the sin factor we get
Bsin(2wt)([¢o cos(wt + 6)]')?

1
= §wB¢(2) [cos(—wt + ) sin(wt + 6) — cos(3wt + §) sin(wt + 9)].
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Again, using the product to sum trig-identity and distributing the %wB(i)% factor we have

B sin(2wt)([¢o cos(wt + 0)])2

= %de)(Q) <; sin([wt + 0] — [—wt + d]) + % sin([wt + 0] + [—wt + 5]))

- %quﬁg (; sin([wt + 5] — [Bwt + 8]) + %sin([wt 18]+ [3wt + 5])) .

Combing like terms and factoring out the one-half yields
Bssin(2wt)([po cos(wt + 6)]')?
1
= ZWBQ% [sin(2wt) + sin(26)]

- ingbg [sin(—2wt) + sin(4wt + 26)].

Next, factoring out the inq% we get
B sin(2wt)([¢o cos(wt + 6)]')?
1
= in(b(Q) [sin(2wt) 4 sin(26) — sin(—2wt) — sin(4dwt + 26)],

and finally, addition of like terms results in

B'sin(2wt)([¢o cos(wt + 6)]')% = inqbg [sin(20) + 2 sin(2wt) — sin(4wt + 26)],

(56)

Lastly, rewriting the parametric term with an amplitude of C' starting by distributing the square

and factoring out the ¢3 and taking the derivative of the periodic factors, which yields

C cos(2wt)[¢po cos(wt + 8)]" [po cos(wt + §)]’
= C¢? cos(2wt)[—wsin(wt + 6)]'[~w sin(wt + §)].

Then, factoring out the w? and taking the second derivative of the middle periodic function we get

C cos(2wt)[po cos(wt + 8)]"[po cos(wt + 6)]
= w2CP3 cos(2wt)[w cos(wt + )] sin(wt + 6).
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Next, factoring out the w and using the product to sum trig-identity we have

C cos(2wt)[po cos(wt + 6)]" [¢o cos(wt + )]

=wiCe? <; sin([wt + 0] — [2wt]) + %sin([wt + 0] + [2wt])> cos(wt + 9).

Combing like terms and factoring out the one-half yields
C cos(2wt)[po cos(wt + 6)]" [¢o cos(wt + §)]

1
= §w30¢% [sin(—wt 4 8) + sin(3wt + §)] cos(wt + 3).

Distributing the cos(wt + ¢) term we get
C cos(2wt)[po cos(wt + 6)]" [¢o cos(wt + §)]

= %wSC(bg [sin(—wt + ) cos(wt + 0) + sin(3wt + §) cos(wt + 9)].

Again, using the product to sum trig-identity an distributing the factor 1w?C¢g we have

C cos(2wt)[pg cos(wt + 6)]"[po cos(wt + 8)]’

= %w30¢§ <; sin([—wt + 6] — [wt + 4]) + % sin([—wt + 6] + [wt + 5]))

I %wsC’qﬁg (; sin([3wt + 8] — [wt + 4]) + %sin([i’)wt + 0] + [wt + 5])) .

Combing like terms and factoring out the one-half yields
C cos(2wt)[¢pg cos(wt + 8)]"[po cos(wt + 8)]’

= iw30¢%[5in(—2wt) + sin(29)] + inC@Q) [sin(2wt) + sin(4wt + 24)].

Factoring out the iw?’Cqﬁ% term we get

C cos(2wt)[po cos(wt + 6)]" [¢g cos(wt + §)]
1

4w30¢3[— sin(2wt) + sin(26) + sin(2wt) + sin(4dwt + 26)],
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and combining like terms results in
1
C cos(2wt)[po cos(wt + 6)]" [po cos(wt + )] = Zw30¢3 [sin(20) + sin(4wt + 26)]. (57)

Thus, substituting the equations, computed in equations (54), (55), (56), and (57) into equation (53)
we have

d (1, 1,,\_ 1 ) .
= (2¢ §w0¢ > ~ 5wF¢0[Sll’l(§) + sin(2wt + 0)]
— iqu% [sin(20) + sin(4wt + 26)]
+ ingbg [sin(26) + 2 sin(2wt) — sin(4wt + 26)]

1
+ 1w30¢%[sin(25) + sin(4wt + 20)].

It is assumed that ¢y and § vary slowly with time. Also, because ¢g and 0 vary slowly with respect
to time, it is apparent that for small values of ¢ the main variation in the energy of the system comes
almost solely from the the driving term.[l] This then means that we are able to overlook the terms ¢y,

(507 5, and §.

8. Looking At The Change In Regimes

Before ¢ passes some critical angle ¢ iticar, the driving term contributes more to the growth of the
amplitude in the system than the parametric terms contribute. This is representative of when the
growth contributed by the driving term in greater than the growth contributed by the parametric terms
(I'p > T'p). When ¢ is greater than the critical angle the driving term contributes less to the growth
of the amplitude in the system and the parametric terms contribute more (I'p < I'p). At the critical
angle (Periticar), both the driving term and the parametric terms contribute equally to the growth of
the amplitude (I'p =I'p).

The value of this critical angle is dependant on the parameters chosen such as the distribution of
the mass, the lengths of the massless rigid rods, and the amplitude of 6 defined to be fy. The energy
contained in the system is proportional to the amplitude of ¢. When the ¢ is small, there is little kinetic
and potential energy in the system as a result of the parametric terms. As the value of ¢ increases,
more and more energy is introduced into the system, and this energy is introduced by the driving term.
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8.1. Looking At the Forced Harmonic System

Because the parametric terms are dependant on ¢, for small values of ¢ we can consider the system
to have values that of a harmonic oscillator system with the one driving term. Given that the initial
conditions are ¢(0) = 0 and that ¢(0) = 0, we solve the differential equation for this system by first
finding the general solution to the homogeneous equation (50)

b+ wi¢ = F cos(wt).
Setting the driving term, F cos(wt), equal to zero yields
(5 + wggb =0.
We find the characteristic polynomial for the system by substituting e** in for ¢
(&) + wi(eM) = 0.
Next, taking the derivatives of the second equation we get
(A2 + wi(eM) = 0.

Then, dividing by e* we obtain

M4w2=0.
Solving for A we use the quadratic formula
NN
2
Factoring yields
A= j:woi.
Therefore, the homogeneous solution is
o = C1 COS(wot) + Cy Sin(th). (59)

Next, we find a particular solution to equation (50) by looking for a solution of the form Ze™*.

$+wio = Fe! (60)
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By setting

¢ = Ze, (61)
we get ) }
¢ = Ziwe™?,
and
(5 _ _Zw2eiwt

Then, substituting these equations into the equation we get
—Zw?e™t + W2 Ze™t = Fe?, (62)
Next, factoring out common terms we get
Ze" (wi — w?) = Fe™t.
Dividing both sides by the factor e™? the equation is simplified to
Z(w —w?) =F,
and finally, solving for Z we have

F
7 =

= B =R
wh —w

Next, substituting the value of Z back into the equation (61) we have

F Twt
i (—wa = w2> ‘

= () leos(wt) + isin(wt)].
(=)

Wy —w

Taking the real part of the right hand side we get

by = (ﬁ) cos(wt). (63)
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Thus, the general solution, from equations(59) and (63) for the harmonic system is["]
(b :¢h + ¢p

. F
=C' cos(wot) + Cy sin(wot) + <m> cos(wt).
Next, solving for the constants C; and C5 by using the initial conditions, ¢(0) = 0, we have

#(0) =C1 cos(0) + Cy sin(0) + <2L

— P
wy —w

) cos(0)
0 =C4 (1) + C2(0) + (ﬁ)

F
i <w3—w2>

Then, we solve for the remaining constant by using d)g. Taking the derivative of ¢ with respect to time
we get

d) :Q‘sh + Q‘sp

. Fuwy .

= — Ciwo sin(wot) + Cowp cos(wot) — | —5—— | sin(wt).

wi —w
Again, using the initial condition that qS(O) = 0, we have
. ) Fwo .
#(0) = — Crwp sin(0) + Cowp cos(0) — o sin(0)
2 _

0 =—C1(0) + Cawo(1) - (0)
Cy =0.

Substituting these values for C7 and Cs into equation (64) we obtain

6= (o) cosant) + O)sinGent) + s ) coste

Wy —w

_ (ﬁ) [cos(wt) — cos(wot)]
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We also need to consider that w could be very close to wp. If this assumption is made, we have a

solution of the form Zte™!. Setting w = wy we have

¢+ w%d) = Feiwot

By setting ‘
¢ = Zte' !,
we get ) ' .
¢ =Z[tiwge™°t + et
=Ze"ttiwg + 1],
and

¢ =Z[iwo (tiwee™t + e°t) 4 jwpetvot]
=Z[iwge™° (tiwy + 1) + iwge'o?]
=Ziwoe™ (tiwy + 2).

Then, substituting these values for ¢ and qﬁ into equation (60) yields

Ziwoe™t (tiwg + 2) + wi[Zte'0t] = Feiot,

Next, factoring out a Ze™! we get
Ze™0[(ti%wd + 2iwg) + (twd)] = Fe'or.
Dividing both sides by the factor e’ the equation is simplified to
Z[-twd + 2w + twi] = F.

Cancelling terms we have

and finally, solving for Z we have

Looking At The. ..



Next, substituting the value of Z back into equation (61) we have
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Ft .
¢p = (2@)0> Sll’l(u)ot). (65) Home Page I

From looking at the equations, we can see that the growth per period is linear in the beginning stages

of the system. The period is Title Page I

7= 2T (66)

“o «“ » |

Substituting this value of the period into the amplitude for the time value yields the growth per cycle

approximated by just the harmonic driving term
| » |
r F(2m /wyp)
D=7
(67) Page 32 of 48 I
=—.
“o Go Back I

Because the driving term is independent of ¢, for small values of ¢ we can consider the system to have
values that of a driven oscillator system with only the driving term. To see this visually, compare Full Screen
Figures 3 and 4.

The following Matlab M-file plots the models for the forced harmonic system and the actual system I

and cancelling terms we have

20.)0
Fr

Cl
with the driving and parametric terms. The graphs are Figures 3, 4, 5, and 6. Note the the y-scales =
are arbitrary.

Quit
function motion(M,m1,m2,m3,L1,L2,L3,th0,Ti,Tf1,Tf2,Tf3)
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Figure 3: The forced harmonic
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Figure 4: The

actual approximated system.




% Closes all figures
close all
% Sets the default parameters:
Moo is the total mass of the system.
Hhml.o.o..... is the center mass.
Hhm2..... .. is the right mass.
%hm3..... .. is the left mass.
/0 P is the length between the center of the system and ml.
hl2....... is the length between ml and m2.
HhL3....... is the length between ml and m3.
% thO...... is the initial theta angle.
/AR is the initial time.
hTE. ... is the final time.
if nargin < 1
M = 100;
ml 0.4xM;
m2 = 0.4*M;
m3 = 0.2*M;
L1 = 2.5;
L2 = 0.4;

end

% Condenses combinations of like terms.

g=9.8; I1=MxL17°2; I2=m2*L2°2+m3*L372; N=m3*L3-m2*L2;
T0=(I1+I2)-2*L1*N*(1-(1/4)*th0~2+(1/64)*th0"4) ;

KO=(M*L1xg)-N*g* (1-(1/4)*th0~2+(1/64)*th0~4) ;

w0=(abs (K0/10))"(1/2);

% Sets the frequency of the driving and parametric terms equal to the
% natural frequency.
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w = w0
% Sets the oscillatory terms for the system:

hFoooo ... is the coefficient on the driving term cos(wt).

Y/ PR is the coefficient on the parametric term cos(2wt)*phi.
%hBoo..o... is the coefficient on the parametric term sin(2wt)*phi’.
hCovin is the coefficient on the parametric term cos(2wt)#*phi’’.

F=thOx (w~2*I2+N* ((g-w0~2*L1) * (1-(1/8)*th0"2+(1/192) *th0"4))) ;
A=-((1/4)*N*g* (th0~2-(1/12)*th074))/I0;

B=(L1*N*w* (th0~2-(1/12) *th0~4))/10;
C=-((1/4)*L1*N*(th0~2-(1/12)*th0~4))/I0; Az=0; Bz=0; Cz=0;
L=((F*pi)/((w0)~2))/((2%pi)/(w0));

% Solving for phi’’:

% phi’’ + (w0)~2(phi) = Fcos(wt) + Acos(2wt)phi + Bsin(2wt)phi’ + Ccos(2wt)phi’’
% phi’’ - Ccos(2wt)phi’’ = Fcos(wt) + Acos(2wt)phi - (w0)“ 2(phi) + Bsin(2wt)phi’
% phi’’ (1 - Ccos(2wt)) = Fcos(wt) + phi(Acos(2wt) - (w0)~2) + Bsin(2wt)phi’

% phi’’ = (Fcos(wt) + phi(Acos(2wt) - (w0)~2) + Bsin(2wt)phi’)/(1 - Ccos(2wt))

% Sets the first time interval.

tspanl = [Ti,Tf1];

% Sets the first time interval.

tspan2 = [Ti,Tf2];

% Sets the first time interval.

tspan3 = [Ti,T£3];

% Sets the initial conditions for phi(0) and phi’(0).
x0 = [0;0];

% Sets options equal to an empty set.

options = [];

% Calls ode45 to solve the system of first order odes on tspanl.

[t,x] = ode45(@pz,tspanl,x0,options,Az,Bz,Cz,F,w0,w);

% Plots the data.

figure plot(t,x(:,1)) xlabel(’t’) ylabel(’phi’) title(’Graph of
phi vrs t’)

hold on plot(t,L*t)

% Calls ode45 to solve the system of first order odes on tspanl.

[t,x] = ode45(@ph,tspanl,x0,options,A,B,C,F,w0,w);
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% Plots the data.

figure plot(t,x(:,1)) xlabel(’t’) ylabel(’phi’) title(’Graph of
phi vrs t’)

hold on plot(t,L*t)

% Calls oded4b to solve the system of first order odes on tspan2.

[t,x] = ode45(@ph,tspan2,x0,options,A,B,C,F,w0,w);

% Plots the data.

figure plot(t,x(:,1)) xlabel(’t’) ylabel(’phi’) title(’Graph of
phi vrs t’)

hold on plot(t,L*t)

% Calls ode4b to solve the system of first order odes on tspan3.

[t,x] = ode45(@ph,tspan3,x0,options,A,B,C,F,w0,w);

% Plots the data.

figure plot(t,x(:,1)) xlabel(’t’) ylabel(’phi’) title(’Graph of
phi vrs t’) hold on plot(t,Lxt)

function xprime=ph(t,x,A,B,C,F,w0,w) xprime=zeros(2,1);
xprime(1)=x(2);

xprime (2)=(F*cos (wxt)+(Axcos (2*w*t) - (w0) "2) *x (1) +B*sin (2*w*t) *x (2) ) / (1-C*cos (2*w*t)) ;

function xzprime=pz(t,x,Az,Bz,Cz,F,w0,w) xzprime=zeros(2,1);
xzprime (1)=x(2);

xzprime (2)=(F*cos (w¥t)+(Az*cos (2*wkt) - (w0) “2) *x (1) +Bz*sin (2*xw*t) *x(2)) / (1-Cz*cos (2*%w*t)) ;

Next, substituting the value of F' into equation (67) results in

[ol(w? Iz + N{(g — hw?)(1 — 365 + 1556)])/Dollm

I'p =
)
wo

192

[T + N(g — hw?) (1 — 163 + 15509)

= )
2
Tymwg

8.2. Looking At the Parametric System

Because the parametric terms are ¢-dependant, we can consider the system to have motion like that of
the parametric oscillator system with the three ¢-dependant terms. However, one thing to note is that
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the parametric system will have no growth in amplitude if ¢ = 0.[4]

b+ wié = Acos(2wt)p + Bsin(2wt)d + C cos(2wt) . (69)

Because the parametric terms are dependent on ¢, for large values of ¢ we can consider the system to
have values that of only a parametric system. The solution to the equation has the form of

¢ _ ekt(aeiwt 4 aeiwt)’
where a is complex and @ is the complex conjugate of a. Solving for ¢ we get
¢ = Mliwae™?t — iwvae Y + AeM[ae™t + @et).
Factoring and grouping like terms we get
¢ = ae™te N (A + iw) + ae M (A — iw).
Solving for (;5 we get
(5 _ ez\t[()\2 _ w2)(aeiwt + ae—iwt) + 2)\iw(aei“’t _ ae—iwt)]
= (ae™teM (N 4 iw)?) + (@™t (A — iw)?).

Substituting these equations for ¢, ¢57 and ¢ into equation (69) we obtain

al(A + iw)? + wd] = g[A —iB(X —iw) + C(A — iw)?]

If the real and imaginary parts of the complex numbers a and @ then they are orthogonal and their
magnitudes are equal. The equated magnitudes, computed in Maple, is

1 1
lal?(A — w? + wp)? + 4|a’N2w? = i|a|2(A —bw + C(N? — w?))? + Z|a|2(—B/\ —2C)\w)?
Then, dividing both sides by |a|?, assuming that |a| is non-zero, and setting w = wy, yields

1 1
(N +4r%E = 1(A — Bug+C(02 —w2)2 + 1(—BA —2Cwp)%.
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Next, approximating the equation to only a second order of A we get
1 1
407 = Z_L(A — Buwy+C(\? —wd))* + Z(_B)\ —2CAwp)?.
Now, with A much less wy we set lambda on the right-hand side of the equation equal to zero, yielding

4X°w2 = —(A — Bwy + Cw?))?.

A~ =

Finally, solving for A we have

1

Next, solving for ¢ ) )
d) _ e)\t(aezwt —I—Ee“’t).

Writing the complex forms of a and @ where z is the real part of the conjugates and iy is the complex
part of the conjugates we get

o= e)‘t[(ac +iy)e™t + (x — iy)e™?].

Distributing the exponentials gives
b = eM[zet +iye™t + zet — jyeit],
and regrouping and factoring out the real and complex parts we have
b = M[z(e™t + e~ ) + iy(et — e~
Then, expanding the exponential functions out yields

¢ = eM[x([cos(wt) + isin(wt)] + [cos(wt) — i sin(wt)])
+ 1y([cos(wt) + isin(wt)] — [cos(wt) — @ sin(wt)])].
By cancelling terms we get
¢ = eM[x(2cos(wt)) + iy(2isin(wt))].

Redistributing we obtain
¢ = e |2z cos(wt) — 2y sin(wt))].
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If the assumption that z = y is made, we have
¢ = e*[2z cos(wt) — 2z sin(wt)].

Factoring out the 2x yields

¢ = 2ze*[cos(wt) — sin(wt))]. (70)
Solving for z, we begin by solving for the magnitude of a

a® = (2° +9?).
Taking the root of both sides we have
la| = £/ 2% + y2.

Now, because the assumption that # and y are equal in magnitude |z|? = |y|?, we get

la| = +Va2 + 22 = +V222 = £V22

Thus,
T = j:M

V2

Substituting this value of z into equation (70) we have

¢ =+2 (%) e [cos(wt) — sin(wt)],

which is equal to
¢ = +V2|a|eM[cos(wt) — sin(wt)]. (71)

Rewriting equation (71) we get[3]
¢ = +¢oV2eM cos(wt + 7/4).

During the period where the parametric terms are the dominant contributors to the growth of the
amplitude and this growth is exponential. See figures 5 and 6. The period is
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Substituting this value of the period into the time value in the exponent and multiplying by the time
dependant amplitude of ¢ (¢(0) yields the growth per cycle approximated by just the parametric terms

2m 21
I'p=2A <) $o = ——¢o.
wo wo
Next, substituting in the value of A\ using the negative sign, we have

FP = 21 |: L(A, ng - C’w%)] ¢0.

wo 4&)0

Then, substituting in the values of A, B, and C' we have

w1 1 , 1., , 1.
1 1
- [—2Z1N <9(2) - 12%) /Io] w%))(ﬁo-

Dropping the higher powers of A, cancelling, factors and finding a common denominator we get

m [ —Ngb? AL Nwh? 21, NG?
Fp: ¢0~

- — W w
222\ 4l 41, 04T,
Factoring out the N63, distributing the minus sign, and setting w = wy results in

aNOZ g+ 4liwd — 20 wE 8
22 41, 0

Tp=

Combining like terms gives

TNOZ [ g+ 2L}
o — 0 0
P 2&}3 ( 41, ¢07

and distributing the 2w2 we have

1L OV \63F
T'p = nN?2 <981(le3°> do.
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This can be simplified to

To determine ¢¢riticar We set I'p = I'p resulting with the equation

) =N6? (M) do.

7T(90<

Thus ¢critical is

Deritical = o (

2
I'p = 7TNO§ <—9/2 + l1w0> ®o.

CUZIQ ar N(g = llw2)(1 = %0(2] + ﬁ&é)

410&)8

2
I(]Tf'wo

w?Ip + N(g — hw?)(1 — 363 + 15508)

4[00)%

4.[0(4.)(2)

Cancelling terms gives

d)critical = (

which equals

2
Tymwg

) ((9/2 + [iwd)TNG2

s

w?Iy + N(g — hw?)(1 — 363 + ﬁ@é)) (
(

4
g/2 = l1w§)N90>

¢critical = (

9. Results

The next following Matlab M-file returns the values for the various substitutions, period, growths, and

critical angle.

7(g9/2 + l1w3)Nbp

function critical(M,ml,m2,m3,L1,L2,13,th0) format long
% Closes all figures
close all

% Sets the default parameters:
is the total mass of the system.

is the center mass.
is the right mass.

4w?T; + 4N (g — hw?)(1 — 363 + ﬁ93)>

)
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% m3....... is the left mass.

HhLl.o...... is the length between the center of the system and mil.
hl2....... is the length between ml and m2.

hL3..... .. is the length between ml and m3.

% thO...... is the initial theta angle.

if nargin < 1

M=1;

ml = 0.4%*M;
m2 = 0.2%M;
m3 = 0.4%M;
L1 = 2.5;
L2 = 0.4;
L3 = L2;
th0 = .7;

end

% Condenses combinations of like terms.

g=9.8; I1=MxL172 I2=m2*L2°2+m3*L372 N= m3*L3-m2xL2
I0=(I1+I2)-2*L1*N*(1-(1/4)*th0~2+(1/64)*th0"4)

KO=(M*L1x*g) -N*g* (1-(1/4)*th0~2+(1/64)*th0~4) w0=(abs(K0/I0))"(1/2)
T=(2*pi) /w0

% Sets the frequency of the driving and parametric terms equal to the
% natural frequency.

w = wo

% Sets the oscillatory terms for the system:

Y/ is the coefficient on the driving term cos(wt).

Y/ O is the coefficient on the parametric term cos(2wt)*phi.

% B is the coefficient on the parametric term sin(2wt)*phi’.
HhCovinn is the coefficient on the parametric term cos(2wt)#*phi’’.

F=thO* (w™2*I2+N* ((g-w0"2xL1)*(1-(1/8)*th0"2+(1/192) *th0~4)))/I0
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A=-((1/4)*N*g* (th0~2-(1/12)*th0~4))/I0
B=(L1xN*w* (th0~2-(1/12)*th0~4))/I0
C=-((1/2)*L1*N* (th0"2-(1/12)*th0~4)) /I0
Lambda=-(1/(4*w0) ) * (A-w0*B-w0~2*C)
GammaD=( (pi*F)/(w0) ~2)
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PhiCritical=((pi*F)/(w0)"2)/((2xpixLambda)/(w0))} IR G s o
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Both types of systems display a type of growth whether enveloped by a linear function or enveloped by
an exponential function. It appears from the graphs that after some point in time that the parametric Quit
terms dominate in the contribution of growth to the system. However, in the approximation of the



terms for the differential equation, we approximated terms in equation (22) that hold fairly accurate to
a value of ¢ < 0.7 radians. However, Using realistic values for the lengths and distribution of masses, the
computed critical angle far exceeds the values needed for the earlier approximation. Thus, this model
cannot predict the contribution of growth to the amplitude of the system after the critical angle.

The model of the parametric oscillator is unstable in two possible phases. This is seen in the
parametric solution for ¢. The parametric solution for ¢ shows two possible phases of motion that have
an equal effect. One, in which ¢ = —v/2|a|e [cos(wt) —sin(wt)] is the closest to observation, in that the
swinger raises their center of mass by rocking backward when the swing is at its lowest point. However,
the second parametric solution ¢ = v/2|a|e* [cos(wt) — sin(wt)] never comes into play as the swinger
never raises their center of mass by rocking forward while the swing is at the lowest point.[1][2]

The best model that best describes the motion of the swing is the forced harmonic system. The
parametric model is too unstable and doesn’t have any real, practical solution. The motion of the
swing is approximated nicely during the driven oscillator regime, whereas, we cannot conclude any clear
notions about the contributions of the parametric terms to the growth of the amplitude of the system
due to how the system was approximated as well as the instability of the parametric terms.|[!]
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