
&ROOHJH $OJHEUD 3UHWHVW úê 6ROXWLRQV
ìï I�[  ã " [ " 5

Dï

-2 2 4 6 8 10

- 4

-2

2

4

6

8

10

x

y

Eï

[ ã " \ " 5

" [ ã \ " 5

�"[ 5 ã \ " 5
�"[ 5 ò 5 ã \

I"4�[  ã �"[ 5 ò 5 ã [5 ò 5 SURYLGHG [ t 31
Fï

-2 2 4 6 8 10

- 4

-2

2

4

6

8

10

x

y

Gï 7KH JUDSKV RI \ ã I�[  DQG \ ã I"4�[  DUH V\PPHWULF ZLWK WKH OLQH \ ã [1

ì



-2 2 4 6 8 10

- 4

-2

2

4

6

8

10

x

y

ëï I�J�[   SURYLGHG [ p 4 =
I�J�[   ã I [

4 " [

ã
[
4"[
[
4"[ ò 4

ã
[
4"[

[ò�4"[ 
4"[

ã [
4 " [

4 " [
4

ã [
J�I�[   SURYLGHG [ p "4 =

J�I�[   ã J [
[ ò 4

ã
[
[ò4

4 " [
[ò4

ã
[
[ò4
[ò4"[
[ò4

ã [
[ ò 4

[ ò 4
4

ã [
êï ,Q HDFK FDVH VZLWFK WKH [ DQG \ YDULDEOHV DQG VROYH IRU \1

Dï

[ ã \ ò 5
6 " 5\

[�6 " 5\  ã \ ò 5
6[ " 5[\ ã \ ò 5
" 5[\ " \ ã 5 " 6[

" \�5[ ò 4  ã "�6[ " 5 

I"4 ã 6[ " 5
5[ ò 4

ë



Eï

[ ã \ ò 6

[5 ã \ ò 6
[5 " 6 ã \
I"4�[  ã [5 " 6/ SURYLGHG [ u 3

Fï

[ ã OQ�6\ ò 5 
H[ ã 6\ ò 5

H[ " 5 ã 6\

I"4�[  ã H[ " 5
6

Gï

[ ã H"\ ò 4
[ " 4 ã H"\

OQ�[ " 4  ã "\
I"4�[  ã " OQ�[ " 4 

éï 6NHWFK ZLWKRXW WKH DLG RI D FDOFXODRWUï
Dï 3 ã 4333�4153  W

-80 -60 -40 -20 20 40 60 80 10

1000

2000

3000

4000

t

P

(0,1000)

y=0

Eï $ ã 8333�31;<  W

ê



- 40 - 20 20 40 60 80 10

2000

4000

6000

8000

10000

12000

14000

t

A

(0,5000)

y=0

Fï \ ã H"[ ò 6

-8 -6 -4 -2 2 4 6 8 1

- 5

5

10

15

x

y

(0,4)

y=3

Gï \ ã OQ�[ " 6 

2 4 6 8 10 12 14

- 10

-8

-6

-4

-2

2

4

6

8

x

y

(4,0)

x=3

Hï \ ã " OQ�"[ 

é



-8 -6 -4 -2 2 4 6 8 1

- 10

-8

-6

-4

-2

2

4

6

8

x

y

(-1,0)

x=0

Iï 1 ã 433H"3145W

-5 5 10 15
- 10

10

20

30

40

50

60

70

80

90

100

110

120

130

140

t

N

(0,100)

y=0

Jï 3 ã 533H3147W

-8 -4 4 8 12 16

100

200

300

400

500

600

700

800

900

t

P

(0,200)

y=0

Kï : ã 433�4 " H"3145W 

è



10 20 30 4

-40

-20

20

40

60

80

100

120

140

t

W

y=100

èï 6LPSOLI\ ZLWKRXW WKH DLG RI D FDOFXODWRUï
Dï

ORJ5�;  ã Q « 5Q ã ;
Q ã 6

Eï

ORJ5 4
7 ã Q « 5Q ã 4

7
5Q ã 5"5

Q ã "5
Fï

ORJ58�8  ã Q « 58Q ã 8
�85 Q ã 8
85Q ã 84

5Q ã 4

Q ã 4
5

Gï

ORJ;�49  ã Q « ;Q ã 49
�56 Q ã 57

56Q ã 57

6Q ã 7

Q ã 7
6

Hï

ORJ9�7  ò ORJ9�<  ã ORJ9�69 
ORJ9�69  ã Q « 9Q ã 69

Q ã 5
Iï

ç



ORJ5�57  " ORJ5�6  ã ORJ5 57
6 ã ORJ5�; 

ORJ5�;  ã Q « 5Q ã ;
Q ã 6

Jï

ORJ5�6  ò 5 ORJ5�:  ã ORJ5�6  ò ORJ5�:5 
ã ORJ5�6 ' :5 

5ORJ5�6 ò5 ORJ5�:  ã 5ORJ5�47:  ã 47:
Kï

ORJ6�4;  " ORJ6�5  ã ORJ6 4;
5

6ORJ6�4; "ORJ6�5  ã 6ORJ6�<  ã <
çï 6LPSOLI\ HDFK RI WKH IROORZLQJ WR DQ DOJHEUDLF H[SUHVVLRQ ZLWK D VLQJOH ORJDULWKPï

Dï

5 ORJ[ " 6 ORJ\ ò 7 ORJZ " 8 ORJ ] ã ORJ[5 " ORJ\6 ò ORJZ7 " ORJ ]8

ã ORJ [
5

\6
ò ORJZ7 " ORJ ]8

ã ORJ [
5Z7
\6

" ORJ ]8

ã ORJ [
5Z7
\6]8

Eï

5 OQ[ " 6¡OQ�[ ò 5  " 5 OQ�[ ò 4 ¢ ã OQ[5 " 6 OQ�[ ò 5  " OQ�[ ò 4 5

ã OQ[5 " 6 OQ �[ ò 5 
�[ ò 4 5

ã OQ[5 " OQ �[ ò 5 
�[ ò 4 5

6

ã OQ [5
�[ò5 6

�[ò4 9

ã OQ [5�[ ò 4 9

�[ ò 5 6

Fï
4
5 ORJ[ "

6
5 ORJ�[ ò 4  ã ORJ[ 4

5 " ORJ�[ ò 4 
6
5

ã ORJ [ 4
5

�[ ò 4 
6
5

ã ORJ [
�[ ò 4 6

4
5

æï

æ



ORJ5�8  ã ORJ8
ORJ5 X 51654<

åï 6ROYH ZLWKRXW WKH DLG RI D FDOFXODWRUï
Dï

5[ ã 8 « [ ã ORJ5�8 
Eï

OQ�5[ ò 6  ã :
5[ ò 6 ã H:

5[ ã H: " 6

[ ã 4
5 �H

: " 6 

Fï

H6["5 ã 8
6[ " 5 ã OQ8
6[ ã OQ8 ò 5

[ ã 4
6 �OQ8 ò 5 

Gï

�ORJ[ 5 ã ORJ[5

�ORJ[ 5 " 5 ORJ[ ã 3
ORJ[�ORJ[ " 5  ã 3

ORJ[ ã 3 ´ [ ã 433 ã 4
RU

ORJ[ ã 5 ´ [ ã 435 ã 433

Hï

8[ ã 65["4

OQ�8[  ã OQ�65["4 
[ OQ8 ã �5[ " 4  OQ6
[ OQ8 ã 5�OQ6 [ " OQ6

[ OQ8 " [ OQ65 ã " OQ6

[ OQ <
8 ã " OQ6

[ ã " OQ6
OQ <

8

Iï

å



H5 OQ[ ã 7
H OQ[5 ã 7
[5 ã 7
[ ã o5

OQ[ LV RQO\ GHILQHG IRU SRVLWLYH [ "YDOXHVñ VR [ ã 5 LV WKH VROXWLRQ1
Jï

OQ[ " OQ�[ ò 6  ã 4

OQ [
[ ò 6 ã 4
[
[ ò 6 ã H4

[ ã H�[ ò 6 
[ ã H[ ò 6H

[ " H[ ã 6H
[�4 " H  ã 6H

[ ã 6H
4 " H

6LQFH OQ[ LV GHILQHG IRU SRVLWLYH [ "YDOXHV DQG 4 " H LV OHVV WKDQ ]HURñ WKHUH LV QR
VROXWLRQï

Kï

ORJ6[ ò ORJ6�[ ò 5  ã 4
ORJ6�[�[ ò 5   ã 4

[5 ò 5[ ã 64

[5 ò 5[ " 6 ã 3
�[ ò 6 �[ " 4  ã 3

7KH TXDGUDWLF KDV WZR VROXWLRQVñ [ ã "6 DQG [ ã 41 %XW VLQFH ORJ6[ LV GHILQHG IRU
SRVLWLYH [ "YDOXHVñ [ ã 4 LV WKH RQO\ VROXWLRQï

äï :LWK LQLWLDO SRSXODWLRQ 33 ã 43/333 DQG D JURZWK UDWH RI N ã 3135 WKH HTXDWLRQ IRU WKH
SRSXODWLRQ LV 3�W  ã 43/333H3135W1 7R ILQG WKH WLPH IRU WKH SRSXODWLRQ WR GRXEOH ZH PXVW
VROYH 53333 ã 43333H3135W1

53333 ã 43333H3135W

5 ã H3135W

OQ5 ã 3135W

W ã OQ5
3135

:LWK D JURZWK UDWH RI ëøñ )RUWXQD ZLOO GRXEOH LWV SRSXODWLRQ LQ W ã OQ5
3135 X 67198: \HDUVï

ìíï *LYHQ WKH ILQDO DPRXQWñ $ ã '73/333ñ DIWHU W ã 4; \HDUV LQYHVWHG DW U ã :158(
FRPSRXQGHG VHPLDQXDOO\ñ ZH QHHG WR ILQG WKH LQLWDO DPRXQW QHHGHG WR LQYHVWï

ä



73/333 ã 33 4 ò 313:585
5'4;

33 ã 73333
4 ò 313:58

5
69

33 ã '44/433
ììï *LYHQ 33 ã 8333 DQG DQ LQWHUHVW UDWH RI çïëèø FRPSRXQGHG TXDUWHUO\ñ ZH ZDQW DQ

HQGLQJ EDODQFH RI ùìèñíííï

48333 ã 8333 4 ò 3139587
7W

6 ã 4 ò 3139587
7W

OQ6 ã 7W OQ 4 ò 3139587
W ã OQ6

7 OQ 4 ò 313958
7

X 4:1:48

$IWHU DSSUR[LPDWHO\ 4:1:48 \HDUV WKH EDODQFH ZLOO EH ùìèñíííï
ìëï *LYHQ D GRXEOLQJ WLPH RI è \HDUV ZLWK VHPLDQQXDO FRPSRXQGLQJ DQG DQ LQLWLDO GHSRVLW RI

ùëñíííñ ZH QHHG WR ILQG WKH \HDUO\ LQWHUHVW UDWHï

7333 ã 5333 4 ò U
5

5'8

5 ã 4 ò U
5

43

o 43 5 ã 4 ò U
5

U
5 ã 43 5 " 4 FKRRVLQJ RQO\ WKH SRVLWLYH UDWH

U ã 5 43 5 " 4 X 3147688

7KH \HDUO\ LQWHUHVW UDWH ZLOO EH ìéïêçøï
ìêï :LWK D KDOIðOLIH RI èíí \HDUVñ ZH QHHG WR ILQG WKH WLPH QHHGHG IRU D VXEVWDQFH VWDUWLQJ

ZLWK ìííí PJ WR GHFD\ WR ëíí PJï )LUVW ZH QHHG WR ILQG WKH UDWH RI GHFD\ï
4
5 33 ã 33H"833N

OQ 4
5 ã "833N

N ã
OQ 4

5
"833

1RZ ZH FDQ VROYH WKH SUREOHPï 7R VLPSOLI\ WKH QRWDWLRQ ZH ZLOO VXEVWLWXWH IRU N DW WKH
HQG RI WKH SUREOHPï

ìí



533 ã 4333H"NW

4
8 ã H"NW

OQ 4
8 ã "NW

W ã
OQ 4

8
"N

W ã 833 OQ�8"4 
OQ�5"4 

ã 833 OQ8
OQ5

,W ZLOO WDNH DERXW 449413 \HDUV IRU WKH VXEVWDQFH WR GHFD\ IURP ìííí PJ WR ëííPJï
ìéï *LYHQ èíí PJ GHFD\V WR ëíí PJ LQ ìé GD\V ZH FDQ ILQG WKH UDWH RI GHFD\ï

533 ã 833H"47N

5
8 ã H"47N

OQ 5
8 ã "47N

N ã
OQ 5

8
"47

1RZ ZH FDQ ILQG WKH KDOIðOLIHï 7R VLPSOLI\ WKH QRWDWLRQ ZH ZLOO VXEVWLWXWH IRU N DW WKH HQG
RI WKH SUREOHPï

4
5 33 ã 33H"N+

OQ 4
5 ã "N+

+ ã
OQ�5"4 
"N ã

47 OQ�5"4 
OQ 5

8

7KH VXEVWDQFH KDV D KDOIðOLIH RI DERXW 4318<4 GD\Vï
ìèï $ ILVK SRSXODWLRQ LV PRGHOHG E\ WKH IXQFWLRQ

3�W  ã 4333
43 ò <3H"3145W

Dï 7KH LQLWLDO SRSXODWLRQ RFFXUV DW WLPH W ã 31
33 ã 3�3  ã 4333

43 ò <3H"3145�3 

33 ã 4333
43 ò <3 ã 4333

433
33 ã 43

Eï 7R ILQG WKH HYHQWXDO ILVK SRSXODWLRQ OHW W v . DQG UHFDOO
Wv.
OLP H"[ ã 31

OLP
Wv.

4333
43 ò <3H"3145W

ã 4333
43 ò <3 ' �3 

ã 4333
43

ã 43
Fï

ìì



10 20 30 40 50 60 70

- 10

10

20

30

40

50

60

70

80

90

100

x

y

y=100

(0,10)

ìçï %DFWHULD 3RSXODWLRQ
Dï

10 20 30 40 50 60 7

10000

20000

30000

40000

50000

60000

70000

80000

90000

x

y

Eï 8VLQJ ([S5HJ RQ WKH FDOFXODWRU JLYHV

\ ã DE[

D ã 435157<;;9<
E ã 4144<83554

Fï 5RXQGLQJ D QDG E WR D ã 435158 DQG E ã 4145 DQG OHWWLQJ W ã 78 JLYHV D SRSXODWLRQ
RI 3�78  ã 435158 ' 414578 ã 49:9;1

Gï

;333 ã 435158 ' 4145W

;333
435158 ã 4145W

OQ ;333
435158 ã W OQ�4145 

W ã
OQ ;333

435158
OQ�4145 

$IWHU DSSUR[LPDWHO\ 6;17: GD\V WKH SRSXODWLRQ FRXQW UHDFKHG åíííï

ìë



10 20 30 40 50 60 7

10000

20000

30000

40000

50000

60000

70000

80000

90000

t

P

ìê


